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The Dirichlet integral shows that an oscillating series can be convergent even
though it is not absolutely convergent. It is this that is analyzed in this paper, and it talks
about the reason for the integral fooo sinz/xdx which it is approaching a certain finite

value. The key properties of the integrand are defined first, with the most conspicuous being
the profile about the origin and the oscillatory profile at infinity. The convergence of the
integral is then analyzed using the oscillatory profile method, and classical profile
convergence methods, including Dirichlet profile. The common formula of oscillatory
integral is derived by taking into account the addition of an auxiliary parameter to the
integral, which can be computed. In addition, a special case of the Dirichlet integral is
briefly touched upon. Finally, the importance of oscillatory integrals is explained by looking
at some of the most important cases in mathematics, physics, and engineering, which
demonstrates its use in areas outside of theoretical mathematics.

Dirichlet integral, improper integral, conditional convergence, Fourier analysis,
sinc function

In mathematical analysis, improper integrals play an important role in understanding functions that
are not integrable in the traditional sense. Among them, the Dirichlet integral is one of the most
famous examples. It is defined as

I= [ 55 da (1)

Z

and its value is known to be /2 [1]. This result is surprising because the function sing

oscillates infinitely and is not absolutely integrable over [0, 00) . The Dirichlet integral is important
because it demonstrates a key concept in analysis: conditional convergence. Unlike absolutely
convergent integrals, where the integral of the absolute value is finite, the Dirichlet integral
converges due to the cancellation of positive and negative areas. This makes it a valuable example
for understanding how oscillatory behavior affects convergence [2].

In addition to its theoretical significance, the Dirichlet integral has many applications in applied
mathematics and physics. It plays a central role in Fourier analysis, especially in the study of the

© 2026 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).

109



Proceedings of CONF-MPCS 2026 Symposium: Theoretic Physics and Plasma Physics
DOI: 10.54254/2753-8818/2026.DL34832

sinc function, which is widely used in signal processing and communication systems. It also appears
in problems involving wave motion and harmonic analysis. Previous studies in mathematical
analysis, such as those found in classical textbooks by Apostol and Rudin, have provided rigorous
proofs of the Dirichlet integral and explored its properties. These works emphasize the importance
of parameter methods and advanced calculus techniques in evaluating such integrals [3].

This paper aims to present a clear and accessible analysis of the Dirichlet integral. Section 2
discusses its convergence and provides a detailed method for evaluating it. Section 3 introduces its
applications in mathematics and physics. Finally, Section 4 summarizes the main conclusions.

The Dirichlet integral Eq. (1) serves as a fundamental example in real analysis illustrating
conditional convergence. At first glance, this integral appears problematic because the function S22

does not decay sufficiently fast to guarantee absolute convergence. In fact, the integral
fooo ‘%” ‘da: diverges. Therefore, one has no single point of origin and the integral in any

neighborhood of zero converges.

For small values of =, sinz is going to be bouncing back and forth between -1 and 1, getting
ever so closer to 0. It is a slow decay, but works well in conjunction with oscillations. They if
separated by enough time contribute positively and negatively and cancel out [4]. As x increases,
sinz continues to oscillate between -1 and 1, while 1/z gradually decreases toward zero.
Although this decay is slow, it becomes effective when combined with oscillations. Positive and
negative contributions cancel each other over successive intervals, leading to convergence.

A more formal analysis is obtained by partitioning the interval into segments of length m . On
each interval [nm, (n + 1)x], the sine function maintains a constant sign. Therefore, the following
estimate holds:

nm

(0T | s | gy < [OFITL gy 2)

The contribution of each interval is decreasing because of. Cancellation is, on the contrary,
performed by reversing signs in a similar way to an alternating series. Says that it demonstrates that
people have conditional convergence of the integral [5].

The Dirichlet test of improper integrals is also a consequence of the Dirichlet integral. The reason
is that, it tends to a test that alternating oscillation is limited and then tends to a limit when
multiplied to another monotonic function with limit 0 not necessarily everywhere. Conversely, one
has in this case, sinz € [—1,1] . f is decreasing monotonically on it and limit f(¢) as ¢ tends to
infinity. Both these conditions guarantees that the integral, satisfies the condition of Dirichlet test. In
this way, people innocently lose some absolute convergence but people ensure that they converge
(not so unexpected). This hence offers a more stringent account to the intuitive account above in
terms of cancellation and also serves as an additional support to the application of classical
convergence tests in real analysis.
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2.2. Evaluation via parameter method

To evaluate the Dirichlet integral, an auxiliary function is introduced:
F(a) = [ e 5 de, a>0 (3)

The exponential factor ensures absolute convergence, allowing differentiation under the integral
sign. Differentiation yields:

F'(a)=— [ e “sinzdz 4)
The resulting integral is evaluated as F” (a) = —ﬁ . Integrating with respect to a , the

following expression is obtained F(a) = C — arctan(a), where C is a constant [6].
To determine C', the limit as a — oo is considered. In this limit, the exponential term forces the

integral to approach zero, so F'(a) — 0 . Since arctan(a) — 3 , it follows that C = J.

Therefore,
F(a) = Z — arctan(a) (5)
Taking the limit as @ — 0%, the original Dirichlet integral is obtained

Joo Brdr =T, (6)

T

This observation confirms the fact that an oscillatory functional can be able to take a finite value
even though it is not absolutely convergent.

The parameter method is an analytical tool that deserves to be mentioned since it is not limited to
this problem. The technique of an auxiliary parameter (differentiating under the integral sign) can be
used to simplify some complex integrals. It is common in higher mathematics, in particular in
mathematical physics. Here, the exponential factor is a regularizing factor in the Dirichlet integral,
which becomes convergent at some intermediate steps. Once the tedious calculations of the limit are
done the parameter is eliminated. This also exposes the deeper properties of the integral, especially
the one between the inverse trigonometric functions, in addition to helping in the evaluation [7].

A more general form of the Dirichlet integral is given by

I — fooo sini(vaac) de (7)

The value of this integral depends on the parameter a, and the result is w/2 for a >0, 0 for
a=0,and —7/2 for a < 0. This formula reflects the dependence of the integral on the sign of a
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and highlights the symmetry of the sine function.

Another significant area of Dirichlet integral is the Fourier analysis, especially how functions can be

expressed as frequency content. The function sinc (x) — SIBX g a natural property in the fourier

X

transform of rectangular functions, which are typically used to represent signals of finite length. This
Dirichlet integral process is useful in the explanation of the smooth and wavy results of these
transforms, and not sharp edges [8].

Moreover, the Dirichlet Integral is associated with the inversion formula of Fourier Transform.
Sine functions integrals are met when a function is being represented on top of its frequency
representation. The convergence of these integrals is required to be mathematically correct. Without
such a convergence, many fundamental discoveries of harmonic analysis would be invalid.

Besides this, Dirichlet integral is also related to the Dirichlet kernel, used in the partial sums of
Fourier series. This is an oscillatory property of the kernel like the Dirichlet integral, e.g.
cancellation. The relations above show that oscillatory integrals are significant in the analysis of
convergence problems in Fourier analysis [9].

The Dirichlet integral is closely related to the sampling theory of signal processing upon which
communication and data transmission is based. The sampling theory states that a continuous signal
can be recovered without any information loss as long as the signal is sampled at a high rate. In
reconstruction, the sinc function plays the role of an interpolation kernel [10].

When a signal is uniformly sampled the original continuous signal can be recovered by using
shifted versions of the sinc function. This is directly because of Dirichlet integral that indicates that
the sinc function is the most ideal reconstructive function of a signal. Even in the non-holy cases of
these properties, people can reconstruct signals beautifully.

Practical applications of the theory include audio processing, image compression and digital
communication systems. One such area is in the digitization of analog sound where sampling and
reconstruction is important. These have mathematical basis, based on Dirichlet integral and are thus
one of the most important concepts in modern technology.

The Dirichlet integral also finds another application in physics, in particular in the study of wave
phenomena. The oscillatory functions are applied to the wave propagation in the space in the case.
The other types of integrals of this type, i.e., of the Dirichlet type of integral, are applied to
investigate constructive and destructive patterns of interference in waves [11].

Sine integrals are considered in optics to analyses the diffraction patterns. Having a screen behind
a small slit experiment and a monochromatic light behind the experiment can produce a pattern
which could be described by functions containing the ratio of sin to x. The central maximum of the
pattern and the smaller side peaks can be explained by the Dirichlet integral. Often quantum
mechanics uses the Dirichlet integral in oscillatory integrals, and its generalization, the Feynman-
Kleissmann integral, in particular. Such integrals determine the probability amplitudes and the
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behavior of the particles at a microscopic scale. Such integrals possess convergence properties
which are significant to the fact that predictions of physics are well-posed.

In mathematical analysis, the Dirichlet integral has a greater role to play, irrespective of the
context. It is a bald example of a conditional convergence that illustrates how convergence may
occur by oscillatory action as opposed to the swift decay. Behind this is a hint at numerous delicate
questions of analysis. The Dirichlet test is one of the traditional convergence tests which are shown
in the integral. The tests give definite cutoffs to the determination of whether an integral converges,
where standard methods are inapplicable. Thus, Dirichlet integral is frequently used to teach higher-
level calculus.

The Dirichlet integration is not only important in its immediate applications. They may co-
operate, and produce important and stable results, and this is one of the general principles of
mathematics. The principle is used in most areas, such as in asymptotic analysis, distribution theory,
and partial differential equations. In the recent literature oscillatory integrals have been used to
model more complex phenomena and to find approximate solutions to challenging problems. This is
exemplified by the Dirichlet integral which is very simple and elegant in its thought and is therefore
a good point of departure to further research. Its impact is evidenced in the progress in theory and in
practice, showing the continuing significance of the integral in mathematics as well as in science.

To summarize, Dirichlet integral is a good example of how oscillatory character may cause

convergence even though a Dirichlet is an absolute integrable. The integral analysis of |, O°° Si‘;m dz

can be used to prove the correspondence between slow decay and alternating signs can cancel to
give a finite result. This is also a source of one of the key concepts of mathematical analysis
convergence does not need to be fast, but can also be a structural property of the integrand. The
rigorous and elegant way of getting the exact value of the Dirichlet integral is to introduce a
parameter of auxiliary and differentiate under the integral. Not only does it generate a hint of a
strong correspondence between analysis and trigonometric functions, but also the non-geometrical
derivation of inadvertently. In addition to this, the Dirichlet integral also finds application in applied
mathematics as well as in pure mathematics (Fourier analysis, signal processing and physics) and is
also applied in applied mathematics. Its relation to the sinc and sampling theory proves that it is
significant practically in the modern technology and its manifestation in the wave phenomena
proves its importance physically. The analysis of Dirichlet integrals demonstrates the strength of
analytic tools, and the usefulness of oscillatory functions. It is between theory and practice and
provides helpful hints about both mathematical structure and physical reality.
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