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Importance Sampling (IS) is a fundamental variance reduction technique in Monte
Carlo simulation, particularly for estimating rare event probabilities. Its core idea is to find a
better sampling measure Q under which the target events occur more frequently, to reduce
the cost of simulation of rare events. However, determining such an optimal @ is
notoriously difficult, often leading to complicated partial differential equations (PDE) that
many classical methods fail. This paper aims to introduce a novel geometric perspective of
this optimization problem that we consider all proper likelihood ratios as a manifold, and use
the natural gradient property to design the algorithm, which avoids PDE and outperforms the
ordinary stochastic gradient descent (SGD) algorithm. Under standard regularity and
Novikov conditions, we establish the almost sure convergence of the proposed algorithm
utilizing the Robbins-Siegmund theorem and end up with numerical validation on option
pricing and portfolio risk assessment, confirming that the geometric approach significantly
enhances variance reduction efficiency.

Importance Sampling, Monte Carlo, Riemannian Manifold, Stochastic Gradient
Descent, Algorithm Analysis

Importance Sampling is an often-used method to reduce the variance when estimating probabilities
of rare events in Monte Carlo. We replace the original measure P with another one Q , where the

events are more frequent, and use the unbiased estimator & = & > h(X;)L(X;) , with L defined
as the Radon-Nikodym derivative dP/dQq and 6 a parameter to define the measure Q . We want

to reduce the variance Var (6) = Eg, [thg] —e? | that is, to reduce Eg, {thg} = Ep [h?Lg]

The classical methods of finding such Q (or 0 ) often lead to complicated PDE. However, in
this paper, we propose a geometric view of this optimization problem that we consider the set of
likelihood ratios as an immersed submanifold of L2 (]P) and therefore able to use the Riemannian

gradient to design an efficient stochastic gradient descent algorithm better than Euclidean ones. This
may help reduce the cost of stimulation [1].
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2. Preliminaries

Let (Q,#,(%;),P) be a filtered probability space with a d -dimensional Brownian motion W .
Consider a diffusion process dX;=b(X;)dt+ o (X;)dW; and a rare event indicator
h=1 (3 (X0 >M} with any proper function ® and a large threshold M.

We have some basic assumptions:

(A1) The coefficients b and o are smooth and satisfy standard growth conditions ensuring
existence and uniqueness of the strong solution.

(A2) The control is open-loop (i.e. a deterministic function of time 6y = 0¢(a) with
a € ©p C RP, where O, isacompact convex set and the map o +— 0¢(a) is smooth). Moreover,
we want the parameterization injective and the derivatives 90;/0o; linearly independent in
L2([0,T];RY) . This ensures that the mapping o +— L, is an immersion.

(A3) Uniform Novikov condition: there exists a constant C such that forall a € ©,,

E[exp(-; I |et(a)yzdt)} <C 1)

This implies E [Li] < oo and, by standard estimates, K [Lﬁ] < oo . The condition holds

T : : : .
because o [ 10(0))|*dt is continuous on the compact set ©, and the exponential moment is

finite for each fixed o . A uniform bound follows from continuity and compactness (see e.g. [1,
Lemma 4.3.2)).

(A4) The payoff functional @ satisfies that its Malliavin covariance matrix is invertible almost
surely (this ensures the existence of smooth densities, though not essential for the algorithm [2]).

3. Geometry of the likelihood ratio manifold
3.1. Definition of the manifold

For a fixed a, the likelihood ratio is

T T
L, = exp (- /0 6t(a)th+—; /0 |9t(a)\2dt) )

Differentiating with respect to a; gives

0Ly T 80, (a) T 00, (o)
= La | — / th —+ / Gt al - dt (3)
Ou; o O 0 0o,

With (A3), this should yield that a — L, is continuously differentiable [3].

Because Ly, >0 a.s., the linear independence of {3La/3ai} equals with the linear

independence of {— OT g—gf dW; + fOT 0y - g—gf dt} . Denote it as {P;}.
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If {P;} is linearly dependent, then there exists non-zero ¢ such that

T T
Y P = —/ o d Wy +/ 0;-dedt =0 a.s. (4)
0 0
with ¢y = D ¢ - g—gf , and because of the almost-sure-zero property of > ¢;P; , this gives

Var (Z ciPi) — Var </OT ¢tth> - /OT 0c?dt =0 a.s. (5)

and this implies ¢y = D> ¢ - g—gf =0, with g—gf linearly independent, a contradiction. Therefore

the variables 90;/0a; are linearly independent in L2 (]P’) ,and dL, is injective. This shows that

a +— L, is smooth and therefore its image .# = {La VRS ®p} is an immersed p -dimensional
submanifold of L2 (]P’) .

3.2. Riemannian metric

The ambient inner product induces a Riemannian metric on .# with a pullback:

[P i\ TOL, L, -
50 = (5o 5 ) ~F |5 e ] 60 = () ©

where G (a) is positive definite by linear independence and varies smoothly with a , and on a
compact set O, , G(a) is uniformly positive definite and Lipschitz-continuous (Since G is
smooth on the compact set ©,, , its derivatives are (separately) continuous and bounded. And the

fact [gij (a) — gij (B)| < (Supeejup) | Veii (€)]]) |l — B|| gives the Lipschitz-continuity of G ).
Differentiating the objective function V (a) = <h2,L0L>Lz yields dV, (8a) = (h?,dL, (6()t)>L2 .
And its Riemannian gradient V-4V () on .# satisfies g, (V#V (a),3a) = dV, (3a) .
and this yields V4V (a) = G (o) 'VV (@) in coordinates, where V'V (a) is the Euclidean
gradient (Notice V-#V (a) = 0 is equivalentto VV (a) = 0 because G is invertible.).

4. Gradient estimation and Natural Gradient Descent (NGD)
4.1. Euclidean gradient

Because o — L, is continuously differentiable in L?(P) and h® is bounded (for of course h is
whether 0 or 1), the function V (a) = [h®L,] is continuously differentiable and we could
exchange the expectation and the nabla: VV (a) = E [h®VL,] because expectation is a continuous

linear functional on L?2 (IP’) and L, is Fréchet-diferentiable. So we have
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—

vV (0) = _;I D b (0) VL (1), @i ~P (7)

4.2. Natural gradient

We define the NGD update as
. 1~
Oxyr1 = H@p <(1k — ﬂkG ((lk) \YAYS ((lk)> (8)

where Ilg, denotes the projection onto the compact convex set ©p , Mx > 0 is a step size. In
practice, we could also estimate G (o) with Monte Carlo:

~ 1 OL, OL,
Gj (o) = N > 20, (1) 5= (01) 9)

J

which is a consistent and unbiased estimator.
5. Convergence analysis
(Al) V is twice continuously differentiable on ©®, and V'V is Lipschitz-continuous:

IVV () = VV(B)[| < L{Joa— Bl (10)

(A2) The gradient estimator vV (o) is unbiased and has uniformly bounded variance, that is,
— 2
o =E |||TV (0) - VV ()| < oo (11)

(A3) The metric tensor G is uniformly positive definite on ©, : there exists A > 0 such that
|G (a)|| > A forall .

(A4) G and G™! are Lipschitz-continuous.
(AS5) A square-controllable step size: Zio: 0 nf{ < 00

Apparently, all are satisfied by condition in the Section 2.
5.1. Lipschitz-continuity of V.4V
For V4V ,

172V (o) = VAV B < (|G (o) 119V (@) = YV ()]l + |G (@) = G (B) "l (12)
Vv @)l

With ||G7!] <A7!, and the Lipschitz-continuity of G™! | we obtain
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[V#V (@) - V*V )| < AL+ Le|VV] ) lle— Bl (13)

where L is that in (Al) and ||[VV]|_ is finite by the compactness of O, .
Denote I’ = AL + Lg||VV||, . This gives us that V-4V is also Lipschitz-continuous.

5.2. Descent approximation

In 4.2 we have Okt1 = H@ (ock—nkV“”V (ak)+1‘|k8k) with
ex = G (o) (VV (o) —ﬂ(oqd) . By (A2) and the boundness of G~! , we have:

Elex | #) =0, E [HakH2 ] 371{] < C for some constant C .
By the Lipschitz-continuity, for any a, € 0
V(B) < V() + VV(&)" (8~ ) + 5|6 — | (14)

Take o=o0x and PB=oxy1 . By the nonexpansiveness of Ilg, , we have
IB— al <Mk ||V#V (0x) — ek]| . Substitute the inequality above with it, we can prove:

E[V(ap) | il < V(a) = m|[VAV|? + mMe| V4V |51, + 4 Lnist (15)
Where

Mg = |G| (16)

3

s =E [HV%V o) —SkH |yk]

Since forany p > 0, Mg [|[VZV][s, < £ ||V“//V|| + M , take p = my , we obtain

BV (k1) | Fi] < V(ew) = 5 V4V + Cnjsy (17)
C=5S +3 (18)

For further research, a standard and elegant analysis of this class of projected stochastic
approximation algorithms can be found in the comprehensive treatment by Kushner and Yin [4].

5.3. Robbins-siegmund convergence

Robbins-Siegmund Theorem [5]
Suppose  {Yi}, {Ax}, {Zx},{Wk} are sequences of non-negative random variables, if the

inequalities below holds almost surely (a.s.) of k:

E[Yii1] < (1+Ax)Yi— Zx+ Wi, > Ax<oo, ¥ Wi <oo (19)
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then:
The sequence {Yy} converges a.s. to a finite, non-negative random variable Y, .
The sum ) Z, is also finite a.s..

Define Yy =V (o), Zx = ¥ HV///VH2, Wi = Cnisi . It's obvious that they are all non-
negative. And by 5.2 we have E [Yit1] < Yk — Zx + Wi, with Ax = 0 . As long as we prove
> Wy < 00, the result would easily leads to the almost sure convergence of Yy = V (ox) .

Denote M = sup,cg_ |V-#V|| . By assumption (A2), there is

st =E [[VV (@) — e | <29V (@) + 28 [Jla® | <2 (M? +MEo?) <00 (20)

together with (AS5), we shall obtain:
D Wi =2C (M? + M4e?) Y nf < oo 21)

This gives the almost sure convergence of V (ox) via NGD.
Notice that if we assume > Mk = oo , which is a typical condition for step size, we could get
a side-product, that is

lim infy o0 || VAV (a)]| =0 a.s. (22)

This could lead to a more precise analysis of ALY (ox) , which would update lim infy .o

with limy ,oc and yields the convergence to critical point, with Kurdyka—}t.ojasiewicz (KL)
Theorem [6].

6. Numerical experiments
To demonstrate the practical utility of the NGD, we apply it to two financial problems:
6.1. Option pricing

We consider a European call option with strike K = 200 and maturity T = 1 year. The price is
Cop=e"TE [(ST — K)ﬂ . The rare event of interest is that the option expires in the money, i.e.

h = 14,5k} with P(Sp >K)~10"* . The Heston model parameters are:

Sop=10,V,=0.04,r =0.05,x = 2,0 =0.04,£ =0.3,p=—0.7. And Table 1 shows the
comparison.

Table 1. Variance comparison

Method Variance of C VRF

Plain MC 1.2x 1072 1
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Table 1. (continued)

Ordinary SGD 1.9x1078 6.7x 10°

NGD 1.1x 1078 1.1x 108

6.2. Portfolio risk

And now consider a portfolio of 100 European call options with strikes uniformly spaced between
180 and 220 and 0.6<T<15 years. The portfolio loss 1is defined as
L = notional — markettomarket value . The rare event of interest is a loss such that
P (L > M) ~ 103. We estimate two standard risk measures: (1)Value-at-Risk(VaR) at the 99.9%

confidence level (2) Expected Shortfall(ES) at the same level. Table 2 shows the comparisons.

Table 2. VRF Comparison

Method VREF of VaR VRF of ES
Plain MC 1 1
Ordinary SGD 2.6x 104 1.9x 104
NGD 4.2x 10* 3.1x 10

7. Conclusion

In this paper, we construct a geometric structure for the likelihood ratio in IS, and design a descent
algorithm with the inner structure of the manifold. We then prove the almost sure convergence of the
algorithm, and numerical evidence demonstrates that the superiority of NGD. Further improvements
would focus on the proof of KkL-situation, expansion to a wider range of payoff function, and the

noises introduced by the approximation of GE (o) . We would also try to replace the open-loop
control with a closed-loop one.
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