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Matrix computation is the basic equipment of modern scientific computation. It
provides a necessary tool for solving linear systems and revising models, and analyzing
large datasets. In this work, we do a study about the matrix computation, properties, and
decomposition techniques. And we emphasize their academic support and practical
meanings. Before introducing the methods of the Gram-Schmidt process and QR
decomposition, we begin with the basic matrix operations and features. Based on these
principles, we explore two main applications: Ordinary Least Squares (OLS) regression for
statistical modelling and Principal Component Analysis (PCA) for dimensionality reduction.
Moreover, we also discuss the real-world applications in different fields. This work aims to
connect the theories of matrix operations with real applications, and it provides a structured
perspective for modern data analysis and experimental operations.

matrix computation, decomposition, ordinary least squares, principal component
analysis

Matrix computation plays an important role in the wide scientific and engineering training. It is the
main structure of solving basic computational tasks such as linear systems, altering complex models,
and analyzing large datasets. Its meanings extend to many fields, including machine learning,
statistics, physics, and economics. In these works, a matrix provides an efficient structure for
displaying and using data. Matrix supports academic analysis, and it can be used in several
applications. It makes matrix operations a necessary tool in academic research and industry. A deep
understanding of computing is important to develop digital algorithms, ensure the stability and
accuracy of calculations, and promote the creativity of solving problems. It is important to study
matrix operations because it has a wide impact. This type of research provides valuable suggestions
for theory and the real world [1].

In this work, we make a clear and detailed introduction to crucial matrix computation and its real
applications. First, we explain the basic matrix operations, such as addition and multiplication,
which are the basis of further operations. Then, we check the key matrix features, including
determinants, eigenvalues and eigenvectors. These concepts are crucial for many mathematical and
engineering applications. To build these basic concepts, we explore the orthogonalization
techniques, focusing on the Gram-Schmidt process. We also cover the decomposition methods, such
as QR decomposition, widely used in data analyzing. Based on this theoretical foundation, we have
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further explored two real applications: ordinary least squares (OLS) regression and principal
component analysis (PCA). Ordinary least squares (OLS) regression is the basic method used in
statistical modeling, and principal component analysis (PCA) is a widely used tool in reducing the
number of variables in data. These two technologies both make full use of matrix operations.
Finally, we discussed how OLS and PCA are used in the real world. It suggests the importance of
them in the field of finance, machine learning, and scientific operation. By making some examples
to explain how these methods help to solve practical problems. We emphasize the role matrix
operation plays in the data analyzing field nowadays.

A matrix is a basic mathematical structure used to arrange numbers and organize them. It is a

rectangular grid made of rows and columns. This simple form makes it a useful tool in many areas,

including mathematics, engineering, and computer science. Formally, an m x n matrix A is
aip ot Qi

represented as: oo , which can be also written as (%j) or [aj] , or

Q1 Qpp

(‘%’j) 1<i<m, 1<j<n - Each part in the matrix comes from a certain group of numbers; the most

common is the real numbers (R) or complex numbers (C). Matrix forms the base of many crucial
technologies in mathematics and operations. They are the core of many fields, such as linear algebra,
numerical analysis, optimization, and machine learning. Matrix is used to solve linear equations,
represent geometric transformations and store data in the machine study model. Developing the
ability to operate matrix is important for advancing work in these areas [2].

Matrix addition and subtraction are basic operations in linear algebra. They complete by element by
element, but it just suitable for matrix has the same size. If two matrices A and B are both m x n
, then we can find their sum by adding and subtracting the elements in the position of the matrices.

b b
For example, if A = {an au} and B = l 1 12} , then:
G2 G2 by bay

ALB— {an CL12] n {bu b12} _ lall + b1 ap + by

as a2 ba1 b2 a2 +bar @z + by

These operations are commutative and associative, meaning that A+ B =B+ A and
(A+B)+C = A+ (B+ C) for any three matrices A, B, and C of the same size. However,
subtraction is not commutative, as A — B # B — A in general. In the wide range of computational
applications, such as image analysis and data mining, which always appear in matrix operations.
Especially in machine learning, it is the core of processes like parameter updates during training [3].

Matrix multiplication goes beyond the easy operations. The principle of this process is to
multiply each row of the matrix by each column of the second matrix. Then, summing the results to
form a new matrix. If matrix A of size m X p and matrix B of p X n, their product C = AB
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is an m x n matrix. Each element in ¢;; is found by taking the % -th row of A and the j -th
column of B . Formally, C = AB, with

p
Cij:zaikbkj, 1<i<m,1<j<n.
k=1

There is special situation is the identity matrix. It is a square matrix that has Is on the main
diagonal and Os in other positions. The identity matrix acts as the multiplicative neutral element,
meaning that for any conformable matrix A , the product satisfies Al = IA = A, preserving the
original matrix. Matrix multiplication is associative, meaning that (AB)C = A(BC) whenever the
products are defined, and distributive over addition, i.e., A (B + C) = AB + AC . However, it
is not commutative in general, meaning that AB #* BA in most cases. This operation plays a
crucial role in various scientific and engineering fields. In computer graphics, matrix multiplication
is used to apply geometric transformations such as translations, rotations, and scaling to objects. For
instance, a rotation matrix can be multiplied by a vector representing a point’s coordinates. Then we
can compute its new position after rotation [4].

While basic matrix operations like addition and multiplication help manipulate data and solve
linear systems, determinants provide critical insights into a matrix's properties. They help determine
whether a matrix is invertible, assess the uniqueness of solutions in linear systems, and evaluate
geometric transformations such as scaling and orientation. The determinant of a matrix is a scalar
value calculated for a square matrix (a matrix that has the same number of rows and columns). The
determinant of a matrix can be positive, negative, or zero. The determinant of matrix A can be

. : . : b
represented as det (A) or |A| . Considering a simple case, if matrix A = [a d] , then the

c
determinant of the matrix A can be calculated by the det (A) = (ad — bc) .

The computation of determinant can be extended to higher dimension square matrices recursively
through Laplace expansion. For matrix A € R™*™ ,

j=1

YRl

where M;; is the determinant of the (n — 1) x (n — 1) minor obtained by removing the 7 -th

row and j -th column of A. The determinant is particularly useful in solving systems of linear
equations and in defining matrix invertibility, where A is invertible if and only if det(A) # 0 . For

a; az as
instance, if matrix A = |b; by bs| ,then
Ci C9 C3
by b b1 b b1 b
det (A) = ay 258 eyt Pl 4ag| .
C2 C3 c1 C3 c1 €2

Thus,
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det (A) = aq (b2C3 — b302) — Qo (b103 — bSCl) + as (b162 — bzcl),

by using the case we’ve illustrated for 2 x 2 matrices.

The transpose of a matrix is an operation that switches its rows and columns by flipping it along the
main diagonal [5]. Given an m X m matrix A ,its transpose, denoted as AT | is an n X m matrix
where the element at row ¢ and column j in A moves to row j and column % in AT
Mathematically, this is expressed as:

The transpose operation has several useful properties. First, taking the transpose twice returns the
original matrix, i.e., (AT)Y = A . Second, the transpose distributes over addition, meaning

(A+ B)" = AT + BT , and scalar multiplication follows (cA)” = cAT for any scalar c. A
particularly important property is that the transpose of a product reverses the order of
multiplication: (BA)T = BT AT . Additionally, a matrix is said to be symmetric if it is equal to its
transpose, i.e., A= AT | which is a fundamental property in many mathematical and physical
applications.

The transpose is widely used in linear algebra, statistics, and machine learning. For example, in
inner product spaces, transposing a column vector turns it into a row vector, which makes certain
matrix operations possible. In machine learning, transposing is often used to adjust how data is
arranged. This helps with tasks like matrix multiplication in neural networks and regression analysis.

The inverse of a square matrix A is another matrix, written as A'A1AY | that satisfies the
basic identity:

AATT=AT"A=1

Here, I is the identity matrix with the same size as A . A matrix has an inverse only if it is
square (n x n) and has full rank. This means that its determinant is nonzero: det(A) # 0 . If these
conditions are not set up, the matrix is called singular and does not have an inverse.

Gaussian elimination is a systematic algorithm often used to solve linear systems. It can also be
used to find the inverse of a matrix. The main idea is to transform a given n x n matrix A into the
identity matrix I by using elementary row operations. At the same time, you apply the same
operations to the identity matrix in order to find A~! . The process begins by combining the original
matrix A with the identity matrix I to form [AI] . In the forward elimination step, row operations
are used to turn A into an upper triangular matrix by choosing pivot elements and eliminating the
entries below them. If the pivot element is zero, rows are swapped to ensure that the pivot is not
zero. To create zeros below the diagonal, each column is processed by subtracting right multiples of
the pivot row. This process continues until the left side of the augmented matrix becomes upper
triangular. Once this form is reached, the matrix is ready for the next phase of row operations. This
continues until the matrix is in upper triangular form. Next, scale the matrix and the pivot becomes
1. Then use the backward substitution to eliminate the pivots above. These processes transform the
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augmented matrix into an identity matrix. In other words, A~! [A‘I ] = [I ‘A‘l] . If the matrix

cannot be turned into the identity matrix, the matrix is singular, and it does not have an inverse.
Gaussian elimination is a widely used method to find inverse. It often uses in numerical
computations and solving linear systems of equations.

2.3. Eigenvalues and eigenvectors

Eigenvalues and eigenvectors are main concepts in linear algebra. They help us understand linear
transformations and solve systems of linear equations. These ideas are used in many fields, such as
physics, computer science, engineering, machine learning and statistics. This section explains what
eigenvalues and eigenvectors are. It also shows how to calculate them and why they matter in both
theory and real-world problem [2].

Given a square matrix A of size n X n , an eigenvector v and its eigenvalue A satisfy the
equation Av = Av . Here, A is the transformation matrix or a linear operator, and v is the
eigenvector that is a non-zero vector. In simple terms, applying the matrix A to v just stretches or
shrinks it. The direction of v stays the same. The scaling factor A is the eigenvalue. During this
transformation, the direction of the eigenvector remains unchanged; it is just stretched or
compressed by the factor A .

To find the eigenvalues and eigenvectors of a matrix A , we start by calculating the eigenvalues.
The eigenvalues are the solutions to the characteristic equation. This equation comes from the
determinant of A — AI , where A is a scalar. I is the identity matrix with the same size as A .
The characteristic equation is obtained by setting the determinant of A — Al equal to zero, i.e.,
det(A — AI) = 0 . This results in a polynomial equation in A , and solving this equation gives the
eigenvalues A1, A2,..., A, , which are the roots of the polynomial. Once the eigenvalues are found,
we can compute the eigenvectors. For each eigenvalue A\ , we substitute it into the equation
(A — AI)v = 0, which is a system of linear equations. Solving this system allows us to identify the
non-zero eigenvectors that are in the eigenspace for each eigenvalue. The eigenvalue multiplicity
affects the number of linearly independent eigenvectors in the eigenspace, which is the set of all
scaled versions of the eigenvector.

2.4. Gram-schmidt process and QR decomposition

Converting a set of linearly independent vectors into orthogonal vectors that are mutually
perpendicular is achieved through the Gram-Schmidt process. The process is done by progressively
subtracting the projections of previous vectors from the current vector to guarantee orthogonality,
and then normalizing the vectors if desired. The result is a set of orthogonal (or orthonormal, if
normalized) vectors [5].

Given a set of linearly independent vectors a1, as,...,an, , the goal is to generate an orthogonal
set of vectors ¢qi,qs,-..,q, .- First, we start by normalizing the first vector a; to obtain the first
orthogonal vector q; :

ai
q1 =
laqll
where |l - Il computes the [? -norm of the vector. Next, for the second vector as , we subtract

the projection of as onto i to ensure that g2 is orthogonal to ¢; by:
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_ as — (as,q1)q1
||a2 - <02aQ1>Q1||

where (a,b) denotes the dot product. For the third vector as , we subtract the projections of a3
onto both ¢; and ¢y to ensure that g3 is orthogonal to both ¢; and g :

q2

_ a3 —(a3,q1)q1 — (a3,42)q>
a3 — (a3, q1)q1 — (a3, q2)q2||

q3

This process continues for the remaining vectors. Afterward, the set of vectors qi,q2, ...,qn
will be orthogonal.

QR decomposition is a method used in linear algebra to factor a matrix into two components: a
(Q matrix (orthogonal or unitary matrix) and an R matrix (upper triangular matrix). Specifically,
given a matrix A , QR decomposition expresses it as:

A=QR

Here, the ) matrix is orthogonal, meaning its columns are orthonormal vectors, and it satisfies

QTQ=1I , where I is the identity matrix. The R matrix is upper triangular and represents the
projection of A onto the orthonormal basis formed by the columns of @ .

The process of QR decomposition involves finding two matrices, ¢ and R , such that their
product reconstructs the original matrix A . This can be done using several methods, such as the
Gram-Schmidt process that introduced above. In the Gram-Schmidt process, the columns of A are
iteratively orthogonalized to form the columns of @ , and the corresponding coefficients are used to
construct the matrix R . The () matrix contains orthonormal vectors, while R is an upper
triangular matrix whose entries are determined by the projections of the original matrix.

For instance, in the Gram-Schmidt process, given matrix A with columns aq,as,...,a, , the

first column of @ is obtained by normalizing a; by ¢1 = ”31” Subsequent columns of () are

formed by subtracting projections onto the previously found columns. The matrix R is then
calculated as:

R=Q7A

QR decomposition is commonly utilized in the solution of linear systems, specifically
overdetermined systems in least squares problems. The numerical stability of Q, which is
orthogonal, ensures that the solution process minimizes errors. The QR algorithm and other
eigenvalue algorithms use QR decomposition as a fundamental tool to converge to a triangular form,
revealing the eigenvalues of a matrix.

The principal method of estimating the coefficients of a linear model is based on Ordinary least
squares regression, which minimizes the residual sum of squares (RSS) between the observed and
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predicted values [6]. The linear model is given by:
y=XB+e

where y € R™ is the vector of observed dependent variable values, X € R™*? is the design
matrix (each row corresponds to an observation, and each column corresponds to an independent
attribute), B € RP is the vector of unknown regression coefficients that needs to be estimated,
€ € R™ is the vector of residuals or errors, assumed to satisfy Ele] =0 and Var (e) =o?I.

In this model, X represents the predicted values of y , meaning that each observation in y is
approximated as a linear combination of the columns of X weighted by the corresponding
coefficients in 3. The term € accounts for the deviation between the actual observed values and
the predicted ones, capturing randomness, measurement errors, and unobserved factors that
influence y . The goal of OLS is to determine the optimal coefficient vector 8 by minimizing the
RSS, given by:

S(B) =Y (wi—2h)’ =(y-XP)" (y- XP)

Here, the subscript 7 denotes the 7 -th observation, where y; is the observed value and z; is
the corresponding feature vector. The prediction z;8 is a weighted sum of features, and the residual
€; = y; — x; captures the difference between actual and predicted values. RSS aggregates these
squared residuals for all n observations, with the matrix representation providing a concise
representation.
To obtain the optimal estimator B , we minimize S(8) by taking its derivative with respect to [
and setting it to zero:

95(p) T
— =-2X —XB) =0
56 (v-5)
Rearranging gives the normal equation:
XTXB=XTy

Solving for 3 , wWe obtain:
~ -1
B=(XTX) XTy

provided that X7 X is invertible. This solution ensures that B is the unique coefficient vector
that minimizes the sum of squared residuals. The function to be minimized in this context is:
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n n 2
miny | (yi = )z
B3 =1

2
where each term (yi — Z?:l wij,Bj> represents the squared vertical distance between the

observed data point and the regression line. The function creates a convex quadratic surface that
looks like a paraboloid, ensuring that the derivatives disappear at a unique minimum.

From a geometric perspective, OLS projects y onto the column space of X , making XB\ the

closest point in this space to y . The residual vector y — XB\ is orthogonal to this space, satisfying:
X7 (y- XB) =0

Since each row vector x; of X consists of feature values for observation % , it can be expressed
as:

b1
Ba n
T = [T T] || = Zfﬂijﬁj
. j=1
Bn

which states that the inner product of the residuals and the columns of X is zero, confirming that
no further linear adjustment can reduce the residual sum of squares.
However, when X7X is nearly singular, meaning it is close to being non-invertible due to
multicollinearity or numerical instability, an alternative computational approach is required. QR
decomposition provides a numerically stable solution by decomposing X into an orthogonal matrix
@ and an upper triangular matrix R, so that X = QR where Q7Q = I . Substituting this into
the normal equation X7 X3 = XTy, we get

(@R (QR)A=(QR)y
which simplifies to
R'Q"QRB=R'Q"y.
Since QTQ = I, this reduces to
RTRB = RTQTy.

Multiplying both sides by (RT) ", we obtain
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RB=Q"y.

Since R is upper triangular, 8 can be efficiently solved using back-substitution. OLS provides
an optimal way to estimate coefficients under standard assumptions, while QR decomposition
ensures numerical stability when direct inversion of X7 X is problematic. The geometric meaning
of OLS is simple but powerful. It shows that OLS works like an orthogonal projection. The data is
projected onto a subspace in a high-dimensional space.

Principal Component Analysis (PCA) helps to reduce the dimensions of high-dimensional data. It
can remain the original variance as it possible. PCA is used to explore data, and visualize and
preprocess. It can help eliminate the redundancy and increase its computation rate.

PCA finds new axes, called principal components. They are orthogonal and capture the most
variance in the data. The first component holds the most variance and the second holds the next
most, and so on. This transformation uses eigenvalue decomposition on the covariance matrix. For a
dataset X with m samples and n features, the covariance matrix is calculated as

1
C=—X"X

m

Here, C is an m X n symmetric matrix that shows the correlations between features. The
eigenvectors and eigenvalues of C' satisfy:

C’vi = )\ivi

Here, v; is the % -th principal component (eigenvector), and A; is the eigenvalue, which shows
the amount of variance it explained. The eigenvalues are listed in descending order, meaning the
components with higher values capture more of the data's variation. The size of A; determines how
much of the total variance is explained by its corresponding principal component. This means that
the first few components capture most of the dataset’s information, helping to reduce dimensionality.

Once the principal components are found, the original dataset is projected onto the new
coordinate system. This transformation is:

X =XV

Here, X’ is the reduced dataset, Xc is the mean-centered data, and Vk contains the top k&
principal components. This projection keeps key patterns while cutting down dimensions. It lines up
with the directions of highest variance to make the data clearer and easier to handle.

PCA helps find a simpler way to look at complex data. It picks the directions where the data
spreads out the most. Even if the data has many features, it often lies on a smaller shape, and PCA
helps us see that. It removes repeated information, shows patterns more clearly, and makes tasks like
grouping or sorting the data easier. The new version of the data is easier to understand and work
with.
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While PCA is a linear technique, many real-world datasets show nonlinear patterns that standard
PCA cannot capture. To deal with non-linear patterns in data, researchers have developed extensions
like kernel PCA [7] and deep learning methods such as autoencoders [8]. Kernel PCA improves the
standard PCA by applying the non-linear mapping function @(z) . This will project the data into
higher higher-dimensional space, and it make the linear model easier to find. In this space, the
covariance matrix is replaced by the kernel matrix:

Kij=¢(z;) ¢ (z;)

This helps kernel PCA find the linear model the regular PCA may miss. The kernel function is
chosen to control how the data is transformed. It plays an important role in revealing hidden and
complex structures.

The polynomial kernel captures non-linear relationships by increasing the product of two dots to
power, representing:

K (z;, ;) = (a:f:zzj + c)d

The Gaussian Radial Basis Function (RBF) kernel maps the data to an infinite-dimensional space.
It seems complex, but it helps RBF find the non-linear model. And it is useful for RBF in image
recognition. The way the sigmoid kernel works is like the activation functions in neural networks.
So, it makes it suitable for the model which need to imitate decision boundaries. On the other hand,
the cosine similarity kernel is not relative to the distance. Instead, it measures the angle between
vectors. It is useful for analysing the high-dimensional tasks, because direction is more important
than distance.

Choosing the right kernel can make kernel PCA find the complex and hidden models that are
ignored by standard PCA. It makes it very useful for pulling out the important features, cutting
down the noise and improving the ability of the machine to study the models. It is a big upgrade to
traditional PCA, and it becomes the first method in data science and model recognition [9].

Principal Component Analysis (PCA) is very suitable for understanding the large high-dimensional
datasets by focusing on explaining the key components of most of the variance [10]. It is the first
method to retain the main information while reducing the dimension. In the process of compressing
the data, PCA is helpful to simplify the large dataset by using fewer parts to save storage space and
computing power. For example, the video streaming platform can PCA to compress HD videos,
focusing on the key visual elements like edges, and discarding the unimportant details. This can not
only save space but also raise the speed of data transfer. It can play smoothly even when the
bandwidth is limited. It is useful for different mobile streaming under different net conditions. It also
plays an important role in efficient data usage in the user experience.

PCA is widely used in scientific computation and machine learning. In the field of fluid dynamics
and quantum mechanics, it is helpful for large, sparse matrices. This reduces the costs of
computations. At the same time, it maintains the accuracy. In the machine study, PCA improves the
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sorting, clustering, and anomaly detection. It deletes the redundant data, emphasizes the relevant
features, and improves the efficiency and generalization [11].

In the sociological field, PCA is helpful to analyze the potential structure in the complex dataset,
such as it can identify the potential dimensions of social attitude and values in large surveys. For
example, in a study of education inequality, PCA can turn many indicators such as parental
education, income and school type into a smaller set, in order to compare the difference between
structures.

In the future, PCA can support more studies, such as identity and social class, by investigating the
deeper patterns and data in survey or social media. With the growth of the number of datasets and its
complexity, PCA will become the main method of reducing the noise while emphasizing the
meaningful trend of populations. It can track how cultural values vary with time.

Ordinary Least Squares (OLS) regression is commonly used in marketing research to analyse
consumer behaviour and market trend. A typical application is assessing how advertising impacts the
sales. For example, a company may build an OLS model to measure the impact of changing the ad
spending. The businesses can optimize marketing policy and allocate resources efficiently. OLS is
essential in understanding how marketing and investing impact sales. It makes company is able to
adjust budgets and set efficient ad and enhance profitability. It also proves the value in analysing
price elasticity, predicting customer demand, and modelling consumer sentiment. It demonstrates its
flexibility and importance in marketing analytics [12].

Except for the field of marketing, OLS regression is a main tool of sociological. It was widely
used in analysing the effect of social factors such as income, race and education make impact to
health, mobility and political participation. For example, researchers may use OLS to estimate how
socioeconomic factors affect the way people get access to higher education, in order to help inform
policies with greater equity.

On the other hand, OLS regression plays a bigger role in causal analysis. Using better data and
methods, such as regularization and instrumental variables, in order to understand how the social
policies affect real-world outcomes, such as how welfare affects job access and how school fundings
affect long-term achievement. As sociological research becomes more data-driven, both PCA and
OLS will be powerful tools for understanding inequality, public opinion, and social change.

In this work, we provided a comprehensive overview of the method of matrix computation. And we
explore the key operation, properties and various decompositions. We also explore how these
methods are applied, focusing on OLS regression and PCA. What’s more, we emphasize their real-
world applications to prove their importance. By connecting the theory and experiments, this
research clearly explains the key role the matrix computations play in data analysing and modelling
tasks.

In future work, we will explore more advanced matrix computation, including the numerical
approximation methods and regularization strategies of OLS to make them more flexible in complex
models. We will also explore the methods of research in non-linear dimensionality, such as manifold
learning and autoencoders. Moreover, we will explore the technologies of emerging matrix-based,
such as low-rank approximations and tensor decompositions in order to improve the efficiency and
scalability in large computations.
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