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Quantum entanglement is a core resource for quantum information processing, and
entanglement witnesses are indispensable tools for detection and verification. This paper
first clarifies some already-known properties of entanglement witnesses and the Bell State.
By applying mathematical tools such as Kronecker product and matrix algebra, this paper
analyzes elements in the Hermitian matrix and discusses the conditions for it to form an
entanglement witness. This paper also considers both necessary and sufficient conditions of
entanglement witness to impose restrictions on elements and investigated several inequality
properties of two-qubit entanglement witness to detect Bell states.

Entanglement Witness, Bell State, Hermitian Matrix

An entanglement witness is a physical notion from quantum mechanics, which has been widely
studied in the past decades. First, nonlinear entanglement witnesses have been characterized by
matrix algebra [1]. Some universal observables were constructed for detecting two-qubit
entanglement based on determinant and separability tests [2]. Further, the optimality of
decomposable entanglement witnesses was related to the so-called completely entangled subspaces
[3]. They rely on the spanning property, which turns out to be not necessary for some optimal
decomposable witnesses [4]. Some authors also investigated the separability of quantum states in
terms of a single entanglement witness [5]. For the sake of security, device-independent witnesses of
genuine multipartite entanglement have also been proposed [6]. The experimental progress on such
witnesses was also reported [7]. On the other hand, the connection between geometric entanglement
witnesses and bound entanglement was discovered recently [8]. It was particularly studied for two-
qutrit systems with geometry [9]. Further, optimal entanglement witnesses for low-dimensional
systems were also detailedly studied [10].

The rest of this paper is organized as follows. In Sec 2, the necessary mathematical background,
including matrix operations and the Kronecker product, is introduced. In Sec 3, the notion of
entanglement witness (EW) is defined, and some of its fundamental properties, such as the non-
negativity of diagonal entries (Lemma 1), are discussed. Section 4 presents the main results of this
paper, focusing specifically on the properties of an X-type Hermitian matrix as an EW for Bell
states. Five key properties are proposed, applying techniques such as partial derivatives to find
necessary inequalities for the matrix elements. Finally, conclusions are drawn in Sec 5.

© 2026 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).
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2. Mathematics

In this section, the basic knowledge and facts used in this paper are introduced. The notation of a
group is (S, +), where the set is represented by S and the operation is +. The first property of a group
is  closure Ve,yec S,z +y€S. The following identities are Associativity,
Ve,y,z€ S,(z+y)+z=x+ (y+ 2) , ldentity, Je € S,Vx € S,e+x ==z and Inversion,
Ve S,dzleS,z+z1=e€.

A ring is a set with two operations which satisfy the following restrictions. The notation of a ring
is (S,+,x) , where (S,+) is a group that satisfies commutativity, Vz,y€ S,z +y=y+x
(Abel group); (S, x) is a semigroup that only satisfies the closeness, associativity identity. The +
operation satisfies the distribution to the x operation, (z + y)z = xz+ yz namely the right
distribution, z(x + y) = zx + zy namely the left distribution. The set L = {(z,y)|z,y € C} isa
linear space when for any z,y € L ,and z€ C,itholdsthat z+y € L and zz € L . If two
groups have a bijection and keep the distance of group elements up after the bijection, then the
groups are called isomorphic.

For the set S of m x n matrices, (S,+) is a group. For the matrices A = [a;;]""*

and
B = [bjxy]¥" , the following operations are presented. The first operation is multiplication,
AB = C = [cit)”"" where citx = Zjaijbji . Here each element of A in a row is multiplied by the
elements of B in a column corresponding to it. The second operation is Transpose, AT = [aji] P
; By the definitions of the transpose, it can be derived that (AB)T = BT AT | furthermore, by

mathematics induction, (A;...A4,)T = A,7..A T
The Kronecker product is defined as the following form, with A = [a;;]™"", B = [by|’™?,

G,llB ce alnB
A® B= : . : (1)
a/mlB e a/mnB

The size of A® B is mp x nq . The Kronecker product satisfies the following identities,
Associativity. Distribution. For a scalar a, a® A = A® a = aA . For conforming matrices

(A®B)(C®D)=AC®BD. (A®B)"=AT®B". a’@b=ba” =bga’.
3. Entanglement witness
3.1. Conjugate transpose and hermitian matrix

For a matrix H = [h;;] , the conjugate transpose of H , H ", has the property that for each element
. - . =T
in H = [hij] , in other words, H" = H .

Also, if a matrix H has the property H* = H , then H is a Hermitian Matrix, for example,

0 2| . . .
H = 0 1s a Hermitian Matrix.
—1

69



Proceedings of CONF-CIAP 2026 Symposium: International Conference on Atomic Magnetometer and Applications
DOI: 10.54254/2753-8818/2026.HZ29875

3.2. Density operator and the trace of a matrix

If p isan n x n matrix, and for any x € C", a:*pa: >0, then p is a positive semi-definite
matrix. The trace of a n x n matrix W is defined by Tr(W) = 3.7, wi; , which is the sum of
all diagonal elements of a matrix.

3.3. Definition of entanglement witness (EW)

The EW is a matrix in M,, ® M, , where M,,, and M, are respectively the set of m x m and
n X n matrices. An EW should also satisfy the following identities: the first identity is that if H is
an EW, then H is a Hermitian matrix. Next, for any vectors a ® b € C™ ® C™ , it must hold that

(a®b) H(a®Db) >0 (2)

There exists a vector ¥ € C™ ® C" , such that ¥"H < 0 . Thatis, H is not a positive semi-
definite matrix. If T'r(pH) < 0, then the density operator p is detected by H .

Now some properties for the EW H = [h;;] € Ma ® My are considered.

Lemma 1. It holds that hy; > 0 for i =1,2,3,4.

1
1 1 0 * )
Proof. Let a = {O} and b= [0] . Then a®b= ol (a®b) =[1 0 0 0], which

0
extracts hy; from H by equation (2). By replacing the vectors a and b by orthonormal vectors,
hi1, ha2, h3s, haa can be respectively extracted from H . By the second property of EW, it
follows that hi1,hoa, has, haga > 0.
Suppose the product matrix A ® B € GL(m,C) x GL(n,C) . Then foran EW W € C™ @ C"

, one can show that W; = (A ® B)W(A® B)” is also an EW.
3.4. Bell state

The Bell state for a two-qubit EW W € My ® My is determined by a normalized vector
1

0 * ..
ES 715 0 if the matrix W satisfies Tr(W) =1 and Tr(1/)1/) W) < 0 . In addition,

1
Tr(¢1/)*W) = —% (w11 + wig + wq1 + w44) , therefore, the condition is equivalent to
w11 + wig +war + wyy < 0.

4. Result

Consider an EW
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w11 0 0 W14
0 Wo9 Wa3 0
W =
0 W39 W33 0 (3)
wq1 0 0 Wa4q

4.1. Property 1

For any elements w;; in equation (3), it holds that w;; > 0 and Xw; = 1.
Proof. Since an EW must be a Hermitian matrix, it holds that W = W* , which gives
w11, W22, wss, wss € R . By Lemma 1, it can be further concluded that w1, wa2, wss, wss > 0 and

* *
Wy = Wiy, W3z = Wag .

Furthermore, if W is considered in bell state, then Tr(W) = wi; + wog + w3z +wyy =1,
Wy Wiy +wy Fwyy <0

4.2. Property 2

For elements wa3, w32, w41, w14 in equation (3): woz = w32 > 0, wig = wy; >0
0

6

1
Proof. If two matrices a = lo
e

1 0
} and b = [0 ia} are considered. By the conclusion
e

that

)

W = (a®b)*W(a®b)

Wiy 0 0 wyqeiat0)
0 w2 waze' @) 0
N 0 woze " H—0) w33 0 @
wyy eiat?) 0 0 Wy

is an EW, with the property of W = W and appropriate o, 8, w23 = w3z > 0, w14 = way > 0

In this case, any EW that has the same structure as equation (3), can be simplified to an EW W',
in which all the elements in the matrix are in R . Therefore, in the following discussion of W, W
is considered as a real matrix.

4.3. Property 3
The elements in the leading diagonal and the minor diagonal of equation (3) satisfy,

W11 + W + W33 + Wyy > Wy + Wiy + W3z + Wa3 (5)

a b
Proof. Let two vectors a,b be and b
as

} , respectively, where the elements are complex
2

numbers. If any of aq, ay, by, by equals to zero,
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(a®b) W(a®b) >0 (6)

Therefore, a, b can be simplified to the form rlll and [zf] , respectively. As a result,
(a®b) W(a®b) =

’L011|2122|2 +waz122 + ’LU22|Zl|2 + w322122

_ 2 _
FwasZ1 29 + Wwaz|2a|” 4+ Wiaz129 + Wyy (7)

Since w4 = wy; and wsg = w3y , this does not give further restrictions, as a result, when

considering the minimum of a ® b)*W(a ®b), 21,2y could be represented by two real numbers
x
x,y . Therefore, a, b can be set as ll} and {ﬂ , respectively. In this way,
(a®b) W(a®b) =

zy(zywi + wa) + z(Twey + ywsz) + Y(Twas + Ywss) + TYwiy + wag > 0 (8)

Let x=1,y= -1,
W11 — W41 + Wa2 — W32 — W23 + W33 — Wi4 + Wag > 0

= w11 + w22 + w33z + w44 = wq1 + wig + w32 + w3 9)

In this case, W can be re-written in the form:

w11 0 0 b
0 w a 0
W= 0 a22 W33 0 (19)
b 0 0 1 — wy; — wey — wss
4.4. Property 4
For elements a, b and diagonal elements w;; , the following inequality holds:
(b2 — w11 (1 — w11 — W — w33)) (a2 — ’w22’w33) <0 (11)

Proof. To satisfy the condition that equation (10) is not a semi-definite matrix, it must hold that
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det {w” b ] <0 (12)
e
b 1 —wy — wyr — ws3
or
det [w” a4 ] <0 (13)
a w33

Only one of them would be satisfied.
4.5. Property 5

Let s = wqq + wy + wag + w3y , the leading diagonal elements wqq, woo, w33, wyy In equation
(3) satisfy

k—2wg,)?
wyy > LE2n) (14)
where k= ,/22 |
w33
Proof. Consider
f(z,y) = wn (:L‘y)2 + (w1 + wis + w3z + was) TY + warx® + wazy® + was (15)

T

It has the extrema at Vf(a:,y) = %EE—F %;;Q =0 for any vector z,7y .Let A= %Zf ,

B = o1 , Cza—zf then

0xdy oy °
AC - B* =
—12wi z*y® + 8wy (w14 + wa1 + w3 + w32)l‘y
+wyweex? + 4wy wssy® + dwapwss + (w14 + Wy + Wz + w32)2 (16)

By the conclusion that, if point (zo,y0) satisfies that of (g;’y") _ ot (g"y’y") =0

AC — B* >0 while A >0 (Itis evident to show that A > 0 for any (=z,y) ), then (zg,yo) is

the minimum of f(z,y) .Evaluate %/ (g;,yo) = (g;’yo) =

and

0 gives that

{2w11y2x + (w14 + war + Waz + w32)y + 2wyex = 0 a7

2wi12%y + (wia + wa + oz + w3) T + 2wszy = 0

Define the parameter s = w14 + w41 + w23 + w32 to simplify notation. The system becomes:
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{2w11my2 + sy + 2wyyxr =0

18
2w11x2y + sx + 2ws33y =0 (18)

This system is solved under the standard assumptions w22 >0 and w33 > 0 . Define

_ [
k= e -

The critical points are given by:

sk+2w22 Sk+2WQ2 f r— sk+2w22 > 0

T 2wnk? T 2wnk? 2wi1k?

sk72w22 sk72w22 Sk*Q’LUQz
(:l: V 2wuk® :Fk\/ 2wi1k? ),fOT‘ 2w k? >0

At these points:
F(,y) = wag — Hpitea) (19)
Non-negativity requires:
wyy > Ltk 2um) (20)

In addition, the trivial solution (0,0) gives f(0,0) = wyy > 0, which is already satisfied by
previous properties. When wy; =0, f(z,y) reduces to a quadratic form, and non-negativity
requires WoW33 > 32/4 .

The critical point analysis guarantees that f(z,y) has no negative minima, ensuring non-

negativity on all product states.
However, the equation

w33(skf2w22)2
Wyy 2> ~ dwpuwgn (21

is not a sufficient condition for equation (3) to be an entanglement witness. The inequality is
satisfied while taking all w;s_;) =wi; =1 , while this cannot satisfy Property 1, Yw; =1
.However, for equation (3) which satisfies all 5 properties, it is sufficient to be an entanglement

witness. Property 5 ensures that for all a = ﬁ] and b= {ﬂ ,

(a®@b) W(@®b) >0 (22)
is always satisfied. On the other hand, property 1-4 restricts that equation (3) satisfies other

definitions of an entanglement witness. In other words, satisfying property 1 to 5 is the sufficient
condition for entanglement witness. This leads to property 6.
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4.6. Property 6

Ifa 2 x2 matrix W satisfy all properties from 1 to 5 and has the same elements as equation (3)
then W is an entanglement witness.

Proof. If property 1, property 2 and property 3 are satisfied, then:For any elements w;; in W , it
holds that w;; > 0 and Yw; =1.

For elements was3, w32, war, wiq in W :

waz = w3z >0

wiy =wy >0

The elements in the leading diagonal and the minor diagonal of W' satisfy,
w11 + w2 + w33 + Wwaq > wa1 + wig + w32 + wa3 (23)

Hence, W is a Hermitian matrix and satisfies 77(W) =1 Next, the following lemma is

presented:

Lemma 2. If property 4 is satisfied, then there exists a vector yr € C™ ® C" , such that
YHy <0.

Proof. Suppose W is a semi-definite matrix,
(b2 — Wy (1 — Wi — Wog — W33)) (a2 — W22W33) < 0 contradicts with the definition of semi-

. . Wiy b W2
definite matrix that det

< 0 and det
b 1—wy — wag — W33} [

a
} < 0 must be
a W33

positive.
Lemma 3. If property 5 is satisfied, then for all a = {ﬂ and b = {ﬂ , (a®@b)'W(a®b) >0

is always satisfied.
Proof. From the proof of Property 2 and 3, a and b can be restricted in R x R . On the other
hand, if Property 5 is guaranteed, since the minimum value of equation (15) is equal to

W33 (Sk—2W22)2
4wy W

W33 (sk—2was)”

Wid = — Lo and wyy >

bin CxC.
Thus, W satisfies all the conditions to become an entanglement witness.

, equation (15) is ensured to be positive for all a and

5. Conclusions

The entanglement witnesses detecting the Bell states have been studied from a viewpoint of linear
algebra and discussed several properties of entanglement witnesses. In particular, it has been shown
that the matrix entries of the witnesses are subject to some equations, which determine the structure
of witness. Furthermore, several criteria were developed for the matrix to be an entanglement
witness. An open problem arising from this paper is to totally construct all two-qubit entanglement
witnesses detecting two-qubit Bell states, which can be further extended to high-dimensional Bell
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states. Another interesting issue is to extend the Bell state to three-qubit GHZ state, whose genuine
entanglement may be detected by some bipartite entanglement witnesses, too.

References

Arrazola, J.M., Gittsovich, O. and Liitkenhaus, N. (2012) Accessible Nonlinear Entanglement Witnesses. Physical
Review A, 85, 062327.

Augusiak, R., Demianowicz, M. and Horodecki, P. (2008) Universal Observable Detecting All Two-Qubit
Entanglement and Determinant Based Separability Tests. Physical Review A, 77, 030301(R).

Augusiak, R., Tura, J. and Lewenstein, M. (2011) A Note on the Optimality of Decomposable Entanglement
Witnesses and Completely Entangled Subspaces. J. Phys. A: Math. Theor., 44, 212001.

Augusiak, R., Sarbicki, G. and Lewenstein, M. (2011) Optimal Decomposable Witnesses without the Spanning
Property. Physical Review A, 84, 052323.

Badziag, P., Horodecki, P., Horodecki, R. and Augusiak, R. (2013) Separability in Terms of a Single Entanglement
Witness. Physical Review A, 88, 010301(R).

Bancal, J.-D., Gisin, N., Liang, Y.-C. and Pironio, S. (2011) Device-Independent Witnesses of Genuine Multipartite
Entanglement. Physical Review Letters, 106, 250404.

Barreiro, J.T., Bancal, J.-D., Schindler, P., Nigg, D., Hennrich, M., Mongz, T., Gisin, N. and Blatt, R. (2013)
Demonstration of Genuine Multipartite Entanglement with Device-Independent Witnesses. Nature Physics, 9, 559.
Bertlmann, R.A. and Krammer, P. (2008) Geometric Entanglement Witnesses and Bound Entanglement. Physical
Review A, 77, 024303.

Bertlmann, R.A. and Krammer, P. (2009) Entanglement Witnesses and Geometry of Entanglement of Two-Qutrit
States. Annals of Physics, NY, 324, 1388.

[10] Bertlmann, A., Durstberger, K., Hiesmayr, B.C. and Krammer, P. (2005) Optimal Entanglement Witnesses for

Qubits and Qutrits. Physical Review A, 72, 052331.

76



