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Group theory is a very important concept in mathematics with many interesting
theories that have been widely applied in other areas of mathematics. As one of the
fundamental tools in abstract algebra, it provides a unifying language for studying
symmetries, structures, and transformations, making it central to both theoretical and applied
mathematics. This paper proves the orbit stability theorem based on the theory of group
actions. Then, this paper introduces the application of the orbit stabilizer in other parts of
mathematics and its full proof. Among these theorems, compared with other proof methods,
the orbit stabilizer theorem is more concise and easier to understand. These examples show
the wide application of the orbit stability theorem in mathematics, proving its practicality.
Furthermore, the theorem serves as a foundation for exploring topics such as combinatorics,
number theory, and geometry, where orbit-stabilizer arguments simplify otherwise complex
counting and classification problems. In this way, the study highlights how group theory not
only develops its own framework but also contributes essential insights to broader
mathematical investigations.

Group theory, group action, orbital stabilizer, cauchy theorem, burnside counting
theorem.

In the abstract algebra, group theory is very important. The early 19th century, French
mathematician Evariste Galois in post-duel manuscript, he first introduced the concept of a group.
He perceived the fundamental nature of the impossibility of solving the fifth-degree equation, is
independent with coefficient, but the symmetrical structure of the roots. Later, based on the group,
concepts such as ring, field, ideal, trace and horm were also derived. These concepts have occupied
a very important position in abstract algebra and applied mathematics.

Joseph Lagrange in his paper first proposed the Lagrange theorem in his paper [1], this theorem
implies some of the thought in Orbit-Stabilizer. Subsequently, in Augustin-Chevalier's research on
permutation groups, the concept Stabilizer was clearly defined for the first time [2]. Finally, in the
book published by William Burnside in 1911, the theorem was clearly stated, and the final proof was
provided [3]. Apart from within the field of mathematics itself, group theory has played a significant
role in many other areas as well, such as in physics and chemistry in the natural sciences. Take
physics as an example, in nonrelative quantum mechanics, the interior of non-relativistic hydrogen
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atoms has the O(4) symmetry group, and this group and used to relating different bound states [4].
This author also introduces into a bigger group O (1,4) , the approach used here can be extended to
obtain the special unitary representations of non-compact groups [4].

This paper is written in 3 sections. The first section is about the proof of Orbit-Stabilizer, this
paper will proof some of the basic theorem of group theory and use them to proof and define the
Orbit-Stabilizer. The next section is the introduction about Orbit-Stabilizer, and how important
abstract algebra and applied mathematics. The last section is about some famous applications of
Orbit-Stabilizer, and some examples of this theorem.

2. Background knowledge and theorem proof
2.1. Group action

Group action is one of the very important concepts in mathematics [5, 6]. It is a fundamental basis
for many renowned theories and other concepts in group theory. This includes the orbital stabilizer
that this paper will discuss later.

Definition:

Assuming G is a group, and X is a finite set, a group action is a mapping

GxX—X, (g,z) = g*z (1)

The ordered pair (g,z) mapped into g*z , from G x X to X .
And this should meet the following conditions
Identity:

Vo € X, e*z = x (e is the identity of G) (2)
Compatibility:
Vg,h € G, z € X, g* (h*z) = (gh)*z (3)
2.2. Orbital stabilizer

Orbital stabilizer theorem [7, 8]:
Assuming G is a group acting on the finite set X .

Ve € X, Orb(z) = {t*z7 € G} 4)
Ve € X, Stab(z) = {r € Gr*z = z} (5)

Orb(z) denotes the orbit of =, Stab(z) denote the stabilizer of by G . Then
G| = [Orb (x)| » | Stab («)| ©)

Process of proof:
Identity

Vee X, ex=x (7
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V1T e G, T(ex) =Tz

Thus e € Stab(z) .
Inverse

And because Vz € X, Stab(z) ={re Gr*c =z} ,if rz==z,

rle Stab(a:) )
Closure

Vr1,h € Stab(x), The = 7 (hz) = x,s0 Th € Stab(x) .
Finally, by the definition of group action, it must satisfy the associative law.

So Stab(z) is a group.

And because Stab(z) < G ,so Stab(x) is a subgroup of G .

Defining a mapping ¢

¢ : G/Stab(z) — Orb(z)

¢ (7 Stab(z)) =Tex

(8)

T T =exr=x , SO

)
(10)

Assuming 7 Stab(z) = 7 Stab(z) , based on the properties of the cosets, it same as

9
17'$:$.

717" € Stab (z) . Because of this, 7~
T(r-lr'z) =12

(7'7'_17") r =T

)
TT =gzT

¢ (1 Stab(z)) =to =72 = ¢ (T Stab(z))

So, the mapping ¢ is well-defined.

Vy € Orb(z), 37 € Stab(z), y =1z

So, ¢ (7 Stab(z)) =Tex =1y, ¢ issurjective.

Assuming @ (7 Stab (z)) = ¢ (' Stab(z)) , it means 7z =T .

r\(rz) = 7 (')
(r i)z = (r )z
ex = (r-17)z
z = (r7)a

So, 771" € Stab(z), T Stab(z) = T Stab(z) .

M

¢ is injective. And because ¢ is both surjective and injective, it is a bijection.

(11)
(12)
(13)
(14)

(15)

(16)
(17)
(18)
(19)
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Because the mapping ¢ : G/Stab(x) — Orb(z) is a bijection, so |G/Stab(x)| = |Orb(x)| .
Based on the Lagrange 's Theorem,

|G/Stab(z)| = w)—f,f})' = |Orb(z)] (20)
|G| = |Orb(x)| ® |Stab ()| 21

3. Applications
3.1. Cauchy theorem

Theorem description:
Assuming G is a finite group and p is a prime number. If p||G| , then there must be an
element 7 € G that satisfy the following conditions:

T#e (22)
TP =€ (23)
The order of 7 is p
Process of proof:
Defining a set X = {(71, 72,... ,Tp) € GPriTy... =€} , then T, = (T1T2...Tp-1) , SO,

lz| = |G|P", and because p| |G|, thus p||X].
Next defined the group action, let cyclic group Z/pZ = {0,1,2,...,p — 1} actontheset X .
Vn € Z/pZ , defined that n e (11, 73,... ,Tp) = (Tnt1, Tnt2,- - STy Ty T )

sy lp

Identity: when n =0, ne (7'1, Ty e ,Tp) = (7'1, Ty e ,Tp) , identity exist.
Compatibility: Vn,l € 7/pZ ,
nele (7-1, 7'2,...,7'p) = (Tn+l+1, Tn+l+2,...,Tp,Tl...,TnH) = (n+l) ° (7'1, 7'2,...,7'p)
Closure: assume (7'1, T2y .. ,Tp) € X , thus m7m...7, = e, then the element after action is
(T2 T35y TpsT1) , ToT3. .. TpT1 = 7'1*1(7'17'27'3. L T)TI=Ti et =€

It is group action.
Based on the Orbit-Stabilizer Theorem, Vz € X, |Orb(z)||p, because p is a prime number, so
|Orb (z)| only have 2 possible values

0 (2)] = 1 (24)
|Orb(z)| =p (25)
When |Orb(z)| =1,itcansaytoevery n, nr =2 ,itmeans 74 =Ty =...=1,,50, TP =e

Assuming r represents the number of the fixed points. (the number of elements with
Orb (z)| = 1)

The set X can be divided into some orbits, the orbits ( |Orb (x)| ) mustbe 1 or p.

When |Orb(x)| =1 , the number of elements is = , when |Orb(z)| = p ,the number of
elements is np, n € Z .
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Thus, |X|=r+ np can be ontained

| X| = r (mod p) (26)

IX|=|G" =0 (mod p) 27)

r =0 (mod p) (28)

(e,e,...,e) isa fixed point, it is included in 7. » =0 (mod p) and p > 2,thus » > p. So,
except (e,e,...,e),there mustbe p — 1 other fixed point.

Assuming (7,7,...,7) is a fixed point, 7 # e, based on the definition of fixed point, 77 = e

can be obtained. Because p is a prime number, and 7 # e, thus the order of element 7 is p.
3.2. Burnside counting theorem

Theorem description:
Assuming G is a finite group, and X is a finite set, let [N represents the number of the orbits.
Fig(9) ={z € Xgexz =z}, g € G,is the set of fixed points of elements g .

N = & Yyec|Fig(9)] (29)

Process of proof:

defineaset S={(g,z) € G x Xgex =z} is the set of all the fixed points of elements. Then,
2 ways to can be found to calculate |S| .

To any elements g € G , the number of fixed points is |Fig (g)| . Thus

5] =2 gec | Fig (9)] (30)
To any fixed point € X , the number of elements is |Stab(z)| . Thus

S| = > sex [Stab(z)] (31)
By these two ways, an equation can be obtained.

> gec|Fig(g)| = > ,cx |Stab(z)] (32)

Based on the Orbit-Stabilizer Theorem, it can get an equation

|G| = |Orb(x)| ® |Stab (x)| (33)
|Stab(z)| = gt (34)

Thus

. G
Y e [Fig(9)] = Xpex |Stab(@)] = X ,ex oy (35)
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Then, the elements in X can divided by the orbits, assume the orbits is Oy, Os,...,On , to any

point z in the same orbit, |Orb(z)| = |O;| so every z give the total sum is % , and every orbit

do for the sum is %‘ X |0;] = |G|, and total have N orbits, so it can get the equation

G .
N |Gl = Yoex ooy = Loec | Fig (9)] (36)

Thus

N = 15 Ygec [Fig (9)] (37)

4. Conclusion

In this paper, it studies on the orbit stabilizer theorem in group theory. It used the theory of group
action to provide a detailed description and proof of the orbit stability theorem. Next, it gave some
more examples, Cauchy theorem and Burnside Counting Theorem, proved them using the orbit
stability theorem. From this, it can be seen that the orbit stability theorem has very important
applications in many mathematical theories. However, this paper only discusses the basic concepts
of the orbit stability theorem and some of its mathematical applications, without making any
improvements to it or exploring any interdisciplinary applications. In further discussion, it can study
about the application of this theorem in various fields such as physics, or make some improvements.
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