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Abstract: This paper has designed an innovative method to solve the high-dimensional multi-
arm bandit problems. Basic overview, this paper combines the Metropolis-Sampling method
together with the Thompson Sampling methods and the algorithm is shown to be an anytime
algorithm. Moreover, the unit of the size of the agents is the element-wise. In each training
process, the agent will firstly communicate about the best result then do the choices after
consideration which is indicated by the Metropolis-Hasting Sampling. Practically, the agents
will be more willing to migrate to an arm with higher attraction so that all the agents will
form a consensus of the best arm after some rounds. As a result, the cumulative regret of the
mentioned algorithm is actually bounded by a logarithmic increment with respect to the gap
between optimal arm and sub-optimal ones. Worth to mention, the upper bound of the
cumulative regret will not present a significant increment relatively, if the aggregate number
of the arms increases. As for the implementation, this paper has applied this paper's algorithm
to the dataset provided by the Microsoft research which contains different sizes of data. The
github source can be found at https://github.com/whyulookingat/MHNIW.

Keywords: Thompson Sampling, Metropolis-Hasting Sampling, High-Dimensional, Multi-
Agents, Multi-Arm Bandit Problem

1. Introduction

In many real-world systems, the High-Dimensional Multi-Arm Bandit problems(HDMAB) which
derive from the traditional Multi-Arm Bandit problems(MAB) and can be applied in assorted facets
like recommendation platforms, sensor networks, and multi-robot coordination etc[1-2]. Inevitably,
due to the sparsity of the related researches on the HDMAB and its derived version(i.e. Multi-Agent
High-Dimensional Multi-Arm Bandit problems (HDMAMAB)) and the challenge to learn the reward
distribution in multivariate situation, this paper have proposed a new effective model named as
Metropolis-Hasting Normal-Inverse-Wishart abbreviated as MHNIW. The advantages of
implementation of multi-agents strategy can be summarized as follow: 1. It can boost the exploration
and exploitation conspicuously. 2. In large reward distribution, especially under high-dimension, it
will alleviate the cases when single agent encounters the bottleneck 3.the multi-agent strategy will be
more robust when the noises are intensive.

© 2026 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).
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2. Related works

The Thompson Sampling(TS) is a basic algorithm with versatile variants[3-5]. But most of the
problems are confined under the domain of single dimension.

While there are already some researches diving into the high-dimensional scenario by using
structure based on TS combined with LASSO, the cumulative regret bound is still not satisfying
enough and some of them devise some methods to deal with the high-dimensional contextual
bandits[6-7].

Or some papers have suggested to use the group division trick to improve the TS and explore under
the case that the agents have limited bit of communication[8-9].

Other than the TS methods to solve HDMAB problems. Many paper also attempt to use the
variants of UCB and some innovative algorithms including OFUL under supervise learning and
adaptive algorithm[10-12].

Whereas, this paper restarts from the vanilla TS method to both improve the efficiency and the
performance so build this paper's model.

3. Problem formulation

To continue introduce this paper's MHNIW models, this paper should first establish some dozens of
Assumptions and Definitions.

Assumption 1. In this paper, the distribution always locates in somewhat hyper-rectangle(R)
where

R £ {[alfbl]""' [an' bn]} (1)

Assumption 2. In this paper, all the entries in the reward vectors are Positive
Assumption 3. In this paper, this paper assume all the Symmetric Positive Definite(SPD) matrix
satisfy that :

Amax(Z) < 0?30 €R (2)

1
Definition 1. The n-dimensional sub-gaussian distribution is well-defined by E[e*"] < e* **

Definition 2. If any entries in Z,,,,, are smaller than corresponding elements in X,.,: Vi,j €
n,0;; € Xpynandé;; € Znyy if §;; < oy then this paper says Z is dominated by X' and denote as :

Enxn S Znxn ©)

Definition 3. The —WI|| be called of the Attraction if it satisfies: E; =Il u"q, — u"q,,,, Il Where

uhg and un,  are the estimated mean reward one of which is played by agent i and one of which
is the best arm in the current round respectively. The probability will be:

1
k

TI.'(E)—Z—l

m 1
j=1gk
Ej

oc%‘v’kzl (4)

Definition 4. This paper measures the arm with best reward(i.e. the best arm) by

el ()
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4.  Methodology
4.1. Reward approximation
4.1.1. Overview

In this section, the current study adopts a case study approach. and inspired by the Thompson
Sampling Method in 1-dimensional Multi-Arm Bandit Problems(MAB), this paper has formulated a
hybrid structure containing Bayesian Methods. The method can perform effectively even the
aggregate of arms is much more enormous.

4.1.2. Basis

Lemma 1. Under the definition Def. 1, the sub-gaussian distribution is bounded by the Gaussian
distribution w.r.t 2 (i.e.v'(0, 2))
Proof. expand the term on both side of the inequality:

o (Uixittupxy,)™ o ijOijUilj
E (gm0 ) < Zipoo S (6)

m! 2Mm!
for any terms inside the addition:

(U X1+ +Upxp)™

m! (7)
and
Xij 0, jUill;
2Mm] (8)
expand the two terms and balance the terms respectively:
2i1,---,i2m ui! ...uizmIE(Xil "'XiZm) (9)
and
(2m)!
it L ot LTR=1 Oy YUy Uy e Ui Wi (10)
Interestingly, there is a trivial fact that the term gzm—rg = (2m — 1)!! just stand for all the possible

combination: (uy, , uy, ), -, (Uk,,, _,» Uk,,, ) @D Ky, ..., ko, is all possible permutations of uy, ..., uzp,.
And compare the coefficient u; on both two terms respectively, one can conclude that each different
combination of the tuple will map to a same term. In other words:

E(X;, - Xi,,,) = Znery, Hiapen Oigiy (11)

where P,,, is

Pom = {(uk1' ukz)' e (ukzm—l’ ukzm)} (12)
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from Isserlis’ Theorem it is obvious that E(X;,...X;, ) isdominated by M?™; ('(0,2)) where

11---i2m
the M stands for the moments[13]. O
Lemma 2. In a n-dimensional rectangle, if a certain probability measure the law of X: P is
defined inside of that rectangle. In other words, P(X N R) =%% 1 where R = {[aq, b1],...,[an br]} .

Then, the maxV(X) will follow a distribution P £ {C; = zin li =1,2,...,2™} where C is the vertices

set of the hyper-rectangle
Proof. Start with the 1-dimensional case:
For

P(X N [a,b]) =25 1 (13)

soa < E(X) < bany fixed E(X) = u(u € [a, b)) so all possible definition inside the [a, b] can
be expressed by the following class:

€ 2 {P:E(X) = u,Vu € [a,b], P(X N [a, b]) =%5 1) (14)

By the default definition of variance(i.e. V(X)), one can get:

VX)) =EX -EX)>= | rejap X — W?dP (15)
= Jetapy X — WP+ [, (0 — )?dP (16)
< (@ = 2 e @P + L (b — 0?dP an
= (a = w?P([a,u]) + (b — W?P([1 b)) (18)
=(@-ww+®-wd-w) (19)

Thus, the distribution with the greatest variance must follow a two-endpoint distribution. Moreover,

one can easily prove by take the aw;’:‘))that with P(a) = % P(b) = % , the variance will reach the

2
maxima (az;b) .

As for n-dimensional case : this paper need to bound the V(X;) where i = 1,2, ...,n, as for the
entires other than the ones on the diagonal, this paper first supposes they are 0, since they do not have
any linear relationship with each other. As for the update of these entries, this paper will discuss more
specifically in later chapter.

Without losing generality, let’s begin with:

V(X)) = [y o] (X — EX)2dP = [, (X, — EX,)2dPy, < (“1%1’1)2 (20)

where Py is the marginal distribution w.r.t. X;
Next,

V(lell))mch(Xl)) = sz f (XZ - IEXZ)Zd]P)maxW(Xl) = sz (XZ - EXZ)Zd]P)maxW(Xl),XZ (21)

<(*5%) @)
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where P,y (x,),.x, 1S the marginal distribution w.r.t. X, Recursively, one will finally get that:

an—>b 2
P (anp{maxW(Xt)}?;f) = an (Xn - IEXn)ZdP{maxW(Xt)}?;f,Xn = ( n2 n) (23)

In other words, one can conclude easily that:

n
Pty o t) = PEDP(E]) o P(talty, s troy) = (3) (24)
Inspired by the proof in Bandit Algorithm by Tor Lattimore and Csaba Szepesvai this paper have
the following lemma[14].
Lemma 3. For any sub-gaussian distribution well-defined in Def. 1land Assum. 1. The Xy is
dominated by somewhat ¥

Def. 22y s 2%
Proof. By the Taylor Series one knows,
_ (v'4 )1 (v" )2 ; v’ )k W)
fx+dx)=f)+—F—f' ) +——f"() + -+ —F]—f )
(VTAx)k+1
Sareir FE+D(x + 9x)30 € (0,1) (25)

now let k = 1, this paper will compare the entries in that Hessian matrix:
firstly, this paper denotes,

Yy’ 2 InEe x (26)

Then,
0% Px(u’)
ok, ... 0knu,
E uTx ulx ulx
xiXxje Ex;e* * Ex;e

=t Ee'’™  [Ee¥'X [Eew’X el
Ex2e*’ X  [Ex,e* X ‘
i i ..
Eew’* | Eew' (=)
(Z?=1 kS = 2, kt € N,u = (ul, uz, ...,un)T) (27)

Now, this paper introduces a brand new probability measure IP;, defined as:
P,(dz) = e ¥zt Zp(dz) (28)

so for any Ey(zi*..z") (X™iks =2k, € N,z = (21,2, ...,2,)7), One can conclude as
following:
k n 1 T
Ep(z - 2q") = [ 2 —me" “P(d2) (29)

u

and
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[E/l((zl - [Ezl)kl (Zn - IEZn)kn)
[EzizjeuTX Ez;e¥ % [Ezje”TZ

= { EolZ | [ [ew'Z = Covy(z;, 7)) (i # j)

T T
Ez;2e% Z ([Ezieu z

2020) = Vi =) (30)

EeuTZ
So

02 px(uT)

ok1u,..0knu,

= IEA((Zl - ]Ezl)kl (Zn - IEZn)kn) (31)

It indicates one can use IP;’s covariance matrix to bound the Xy
And since this paper has proved that the most sparse distribution from Lem. 2. Moreover, one can
affirm that for

P2{C=—|i=12..,2" (32)

and Vi,j € n, Cov(xi,xj) = Ex;x; — Ex;Ex; = 0 and Py, (a;) = P, (b,) =% (te{1,2,..,n}).

From Lem. 1 and Def. 1,1t is bounded by a certain Gaussian Distribution. So now this paper can get
the following Theorem.

4.1.3.Main part

Theorem 1. As for the Muli-Agent Multi-Arm Bandit Problem(MAMAB).We can use the conjugate
Normal-Inverse-Wishart distribution(NIW) to update the parameter and reach to the arm with best
mean reward. Specifically,

Prior Distribution

1
Uz ~ N (o %) (33)
2 ~ 7W(11U0,V0) (34)
Posterior Distribution
1
uIE D ~ N (pn =) (35)
2D ~ :]W(l]’n’ Vn) (36)
where,
D2 {X=(X,Xp .., X)), X ~44% N (1, X)) (37)
_ nX'+Kolo
n - K'0+Tl (38)

Kn=Ky+n (39)
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V=%, +5+%(X,—#o)(x'—/io)T (40)
S =¥ (X — X)X — X)T (41)
a;—bq 2
) o
qjo = S ‘. S (42)

o ey

Proof. In brief, this paper only proves why to set the scale matrix as shown above. From Lem. 1
and Lem. 3.As one does not actually acquire the linear relationship inside the covariance matrix, this
paper assumes they are all independent(i.e. 0) at first. Consequently, from Lem. 2 one can summarize
that X'y < YwhereN (u, 2).We can conclude very simply that Xy is well-bounded by the ¥,. Thus,
this paper takes the ¥, as the initial scale matrix of Inverse-Wishart distribution.Additionally, by
drawing the new observations continuously from the real distribution, elements other than the ones
on the diagonal will get updated, meaning the model will start to learn the relationship between
different entries. O

The reason why to choose the NIW as the update model because this paper can not conclude the
linear relationship between different entries(i.e. Conv(xi,xj)). Consequently, this paper need to

activate the X as a random variable.
4.2. Agent strategy
4.2.1. Overview

In this part, this paper need to discuss the strategy used and shared by different agents, unlike the
strategy used by which focus on the theme with limited communication between agents.[9] Inspired
by the Metropolis-Hasting Sampling methods(i.e. M-H Sampling), this paper has proposed a division
to separate them agent-wise which will guarantee they will congregate into the appropriate(best) arms
Def. 4 even when the data is very enormous[15]. And as a result, the efficiency reaches a pretty good
level compared with REF.

4.2.2.Main part

As for the main part, The Metropolis-Hasting Sampling(M-H Sampling) is frequently used to
proximate the real distribution of somewhat random variables by calculating the entries inside the
transition matrices[15]. But this paper has applied some modification on the original definition so
that this paper could congregate the agents to the best arms after some rounds.

Theorem 2. this paper accepts the same notations in the Def. 3: for any agents i and j, they will
follow the migration below:
1.Compute E; and E; respectively
2.LetAbethe L Vvk >1

Ef

3.Draw v ~ U[0,1]
4.1f v < min(4, 1), agent i will play the arm which agent j is playing
5.1f v > min(4, 1), agent i will reject the migration towards agent j
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Analysis 1. Because one knows the less the E; for some agent i is, the more likely that arm will
be the best arm. Thus, the 4 will be greater, the more likely the agent i will migrate to the arm which
agent j is playing. In the end, most of the agents will play the arm with the best mean reward. Figure
1 is the embodiment of the strategy.

Figure 1: The agents willing to scroll down to a place with lower altitude. Picture credit: Original

4.3. Algorithm
4.3.1.0verview

Based on the two Theorems this paper has mentioned in Chapter A and Chapter B (Theo. 1, Theo. 2).
We have the following algorithhm. It combines the M-H Sampling and Thompson Sampling
altogether.

4.3.2.Main part

Algorithm MHNIW proceeds as :
Algorithms 1.

Begin
Dataset D, number of agents n, dimension d, horizon T, variance a?
Averaged cumulative regret, arm selection matrix
Initialize po«<04, kKoe<1, voe=d+2, k>1 Compute ¥, as diagonal
range variance of dataset Initialize buffers B, «< @ for each arm a
Initialize estimated means u?, « 0; Compute true means u, <« mean(D,)
Agent 1 pulls all arms once and stores samples in corresponding B,
Randomly assign agent { an arm a; Sample one reward from aq; and store
in By,
For i to n do
Randomly assign agent i an arm gq;
Sample one reward from a; and store in BW
Update posterior estimates pu”, for all a using NIW posterior
sampling
For t=1 to T do
Identify best arm a™* = argmax, ||l u*, |l
Count popularity of current arms, pick a’* as apes Randomly sample
arm a;
For s=1 to S=[log(n)]
For agent 1 in random order do
Randomly sample arm g;
Compute E; =l u"g, — 4 q,.q, |
Compute E;="MA%f—MAaM“"
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=
Ae—i?
£f
If Uniform(0, 1) < min(1l, A4)
ai<—aj
End if
End for
End for

> Proceed to Algorithm 1 extra for reward sampling and regret
evaluation Averaged cumulative regret

End for

End.

Algorithms 1 extra part:

Begin

For agent i=1 to n do
Sample reward x from a@; and store in By,
Record arm choice

Update all u”, using current buffers and NIW posterior sampling
For agent i=1 to n do

Compute regret as Hu“w-—y;||
End for
End for
Accumulate average regret across agents
End.

5.  Experiments

5.1. Overview

In this section, this paper has conducted some experiments to analyze and compare the different
algorithms quantitatively, this paper compares this paper's algorithm with MATS and MH-Empirical
algorithms. And it seems like this paper's algorithm seems to work pretty well in the domain of
MAMAB (Multi-Agent Multi-Arm Bandit Problem).

5.2. Preparation

Based on the fact that there are few works that focus on the problems when the reward distribution is
High Dimensional(HD). Thus, the paper has made some inevitable modifications to apply the
existing algorithms onto the HD-MAMAB problems. The following algorithms are the adapted
versions:

5.2.1.HD-MATS
Algorithms 2.

Begin
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Prior NIW parameters (g, Ko, Py, Vg) for each agent e, data dimension d

Hy < {}
For t=1 to T do

For e=1 to p do
For a® € A¢
Sample uf(a®) from posterior NIW ~ NIW (ug, ko, o, Vo)
End for
End for
a; < argmaxgea Looy Il 1§ (@) |l
Pull joint arm a;,, observe vector rewards {ff(a®)}o., H;<H; U
{(ae, (f£@O¥-1))
Update NIW posterior for each e based on H;
End for
End.

5.2.2.MH-empirical
Algorithms 3.

Begin
Continue the same procedures in Part 1 of Alg. 1
For agent i=1 to n do
Sample reward x from a@; and store in By,
Record arm choice
End for
For each arm a do
Compute empirical mean uﬁ1=Iéﬁzxa%x
End for
For agent i=1 to n do

Compute regret as Hu“m-—y;”

End for

Accumulate average regret across agents
End.

5.3. Result

By applying this paper's algorithms onto the dataset provided by Microsoft Research, this paper has
got the following graphs with respect to different algorithms[16]. In this experiment, this paper only
use the first two training datasets. Specifically, the row data in that file has such format as follow:

0qid:1 1:32:03:24:2 ... 135:0 136:0
2 qid:1 1:3 2:33:04:0 ... 135:0 136:0

This paper use the gid as the arm index and the rest of dictionary as the reward which is presented
as the marginal index : marginal reward the following. The following part relate to MHNIW:
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6. Results and discussion

6.1. Statement

Firstly, to facilitate this paper's comparison over different algorithms and datasets. this paper will
refer the pictures by their titles and state that: Figure 2 and Figure 3 are assigned to the MHNIW
algorithm and Figure 4 and Figure 5 are assigned to the MH-Empirical algorithm and Figure 6 is
assigned to the HD-MATS algorithms.

6.2. Comparison

MHNIW performs well regardless the number of the arm. This is due to the fact that the M-H
Sampling consistently arranges the Exploration and Exploitation by a moderate scale. As shown in
Figure 2 and Figure 3, the regret still follows a logarithmic increment even if the number of arms has
an exponential increment like the case in Figure 3, which is also proved by rigorous analysis shown
in Theo. 3.

As for MH-Empirical, under the scenario with less arms(i.e. 76-Arms or Figure 4) the algorithm
can find and confirm the best arm more effectively, but its accuracy is still under the MHNIW’s. And
as for the case with more arms (i.e. Figure 5), the algorithm cannot find the best arm after 10
experiments each containing 10,000 runs. Maybe some of the careful readers have noticed the values
of the regret of MH-Empirical’s are much smaller than the MHNIW’s, but based on the poor accuracy
fact and the fact that MH-Empirical will likely stick on the sub-optimal arms thus it will have a Linear
Regret, the regret of MH-Empirical will exceed the one of MHNIW after sufficient runs.

As for HD-MATS(i.e. Figure 6), originally proposed by the Timothy Verstraeten et al, the paper
firstly conducts this algorithm to the scenario of 76-Arms.Specifically, as recorded in the vanilla
paper, the agents are always be divided into several groups[8]. Thus, this paper separates the 50
agents into 10 groups evenly. It performs poorly on the HDMAB task after this paper run the
experiment up to 4,000 rounds. Moreover, the growth of the regret still be Linear. So, HD-MATS
will undoubtedly perform less satisfying on 2209-Arms.Theoretically, this phenomenon can be

explained by the bound of the regret that HD-MATS is bounded by 0(,/Tlog(T)) but A is bounded
0(log(T))(Theo. 3) briefly[8].

7. Conclusion
7.1. Main part

Based on the work this paper has already discussed in all previous chapters and has successfully built
the MHNIW model (alg: 1) and witness the efficiency regardless of the size of the data. The algorithm
always settles at the best arm within 1,500 rounds which is a significant hop. By combining the idea
of the multi-agents, the algorithm is not trapped by the obstacles same as the single-agent strategy
like the bottleneck problems and efficiency problems. From the panorama, the MHNIW can be
capable of the HDMAB tasks.

7.2. Future work

Some improvements still need to be clarified:
1.0ptimizing the details of the MHNIW
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2.In the real practice, whether one can take the power of the Attraction Def. 3 as some positive
real value smaller than 1 (i.e. 0 < k < 1) when this paper need to set k > 1 theoretically

Appendix
A. Overview

In this section, this paper is going to discuss the regret bound over the algorithm MHNIW(alg: 1), let
us recall the regret decomposition formula at first, given as:

R(T) = X1 (par — EX,,) = XX 14, - E[N,(T)] = TX_1 A, - E[NJY(T) + NGHoe(T)] (43)

where, Nt (T)and N&Ho¢ (T)are the times the agents exploring those arms at the initialization phase
and the M-H Samplings phase respectively. And the regret shows that it will have logarithmic
increment.

B. Lemma

Lemma 4. With the previous NIW method, the estimated parameters will have the following
bounding terms:

n dlog(5 1
P(llu @ HallSc m(8)>z 167 (44)
and
E[ll 1% — o 1] < 5 (45)

where, ¢, ¢’ and d are the constants and m is the times one selects the arm A by T rounds.

Proof. Without losing generality, if a random variable Z ~ N (0, ). Then, for the given series Z =
(Z4,Z,, ..., Zy,), one will get:

wr =35,z ~ W (0,23) (46)
E Il u*z 2= ~TT(Z) (47)

Thusif X ~ NV (u, 2), then,
El uhy = 7= Tr(2) (48)

Now if this paper has Z ~ N(0,1;) and A € R%*? is SPD. Then the Hanson-Wright inequality
states[17]:

P(|ZTAZ — E[ZTAZ]| = t) < 2exp <—c . min( . )) (49)

Aalz’ 1Al
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1
Apply thiswith A = ¥, X = X2Z and one can easily get that:

Z'ZZ =1 X I3, E[ZT2Z] = Tr(2) (50)

And given definition :
A I=N 2 1= Apax(2) (51)
1A NG=12 7= X ; 2} (52)

Substitute the variable in the Hanson—Wright inequality, one gets:

P(l X I?=> Tr(X) +t) < 2exp (—c -min (i ‘ )) (53)

AaIz’ 14l

Chooset =l 2 Iz [log (%) +I 2 |l log (%) this paper gets :

P (n X2 Tr(D)H 2 e log (2)+1 2 1l log (%)) <6 (54)

Plus, this paper has these trivial facts based on Assum. 3 and denote d as the rank of the matrix, if
r=<oli.e.(I 2 1< 0?):

{(Tr(2) <o%d 1 ZI12< o*d || 2 IS o2 (55)

Substitute the variables into (54), one can conclude :

I X I°< o%d + ¢~ (az /dlog (%) + a2log (%)) - g2 (d + log (%)) (56)

The second limit and following inequality will work if one takes the & sufficiently small. Eventually,

P(I X I< o /dzog Gh=z1-s (57)
And thus one can get,

Pl X 1< a,/dl%@) > P>l X I< a,/dl%@) >1-67 (58)

The Lemma is proved by taking some constant ¢

Lemma 5. The regret R0 2 YX_; 4, - N&°¢(T) will be bounded by the increment of
0 (dlogT Yaza* i) (59)

whenT — oo
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Proof. Firstly, one can summarize that : if

24*

4 1
Mita = to IS 52 WP 21 =67 Vh 2 o=

(60)
denote 4" = max,4,
1

By the Lem. 4(44), and take § = —

72T’

2cdlog(T) <A_a (61)
mg ~ h

Then,
R (62)
Reasonably, this paper could define the Stopping Time as follow:
Tq = min{t:my(t) = thj% -1} (63)
Where m,(t) is the times the arm a played by the round ¢ . Thus, for any t < 7, one has :
R < 2eetos@ (64)

Forany t > 7,:

Since T — oo and this paper need to bound the terms of the times the agents to choose the arms that
a # a*.Firstly, one gets:

Pa(a#a) <P (Il 0 = g 12 52Ul phg — o 12 52) (65)
Aq Aq
<P (I e — o 12 %) + P (I 1o — e 12 %) (66)
This is because the obvious fact that if || u”, — u, I< Af and |l u” g — pg I Af for any h >

24"

———— one can easily conclude
g I=llpgll

I I g I +28 <1 pge | =52 <l g I (67)

So, the algorithm will likely to take arm a* as the best arm. So by taking the inverse-negate event this
paper has the previous inequality.
By Concentration Inequality for Ve > 0

e.2
P(I X 1= VENX IP+¢) < e7am (68)
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One can easily get the following result by take the Assum. 3 [17]

€2

P(Il g = o 12 VE Il p% = g 17+ €) < @727 (69)

Thus, if this paper denote d as the rank of the matrix , this paper will get,

p(nu“ —ua||>/ +e> e 207 (70)

where d is the rank of the matrix and n is the sample size(Lem. 4(45))

Since, E || X 2= &) <

And take the € =A7“.Plus => / because of T — co, one can summarize the following

undoubtedly by choosing somewhat constant c that is greater than h:

A mqe? c2log(t?) c
Pl uhe = I1258) S €207 <™ 1 <5 (72)
.. Ag c
Similarly, one can also get P (II U s — Ugr 1= 7) <=
Consequently, one can get the following upper bound:
RZZ?C = Za::a* Aa[E[Na(T)] = Za::a* Zt>1ra AaIE[H{At = a}] (72)
. sy 1 _ ca'm?
= Yesra daPaa # '] S 204732, 5 < === 0(1) (73)
1
Thus the Rgj10c = O (dlogT Yaza* A—)
Lemma 6. In the Initialization Phase, the regret is bounded by:
Rinit <A (A+K—-1) (74)
where, A is the number of arms and K is the number of agents and 4* = max,4,
Proof. Trivial
C. Regret analysis
Based on the previous chapter, one can conclude that :
Theorem 3. The MHNIW regret is bounded by :
lim.,R < 0 (dlogT Tavar =) (75)

Proof. From Lem. 5 the R has already satisfied the requirement. When T — oo, the bound in
Lem. 6 is negligible
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