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Abstract: This paper derives a recursive relationship and closed formula for the number of
pieces of n dimensional sphere when divided by great spheres in general position. There are
two main parts of this paper. The first is the proof of the recursive relationship and closed
formula of a possibly known problem: the number of pieces separated by n copies of (k —
1)-dimensional planes in general position in a k-dimensional Euclidean space. The second
part is inspired by the first part, deriving a recursive relationship and closed formula for a
similar problem but in spherical Geometry: the number of pieces separated by n copies of
(k — 1)-dimensional great spheres in general position in a k-dimensional sphere. As we will
explain, the sphere problem we solve does not reduce to the planes problems we discuss first.

Keywords: Combinatorics, Spherical Geometry, Higher Dimension Geometry, Euclidean
Geometry.

1. Introduction

It is a possibly known problem to figure out a recursive formula between A ny, Akn-1), and
A(k—1n-1) and finding the closed form of Ay ,) using mathematical induction. We can extend this
problem from Euclidean Geometry to Spherical Geometry, which is the main problem that we are
going to address in our essay. We are going to derive the recursive relationship of By ),
Bk n-1), Bk-1,n—1) in Spherical Geometry by similar ways of deriving the recursive relationship in
Euclidean Geometry, which is the idea of adding one additional (k — 1)-dimensional plane and see
how many new pieces of the subdivision does it add to the original configuration. In addition, to find
the closed formula for this problem in Spherical Geometry, we are going to find out how the formulas
for Ay n) in Euclidean Geometry that are related to the formulas for By ) in Spherical Geometry.

Remark: Note that our problem is philosophically related to the questions about the possible
number of pieces that n lines in not general position could subdivide a plane and its higher
dimensional versions, see O. Ivanov [1-3]

© 2026 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).
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2. Definition
2.1. Definition for terms in euclidean geometry

211 A

Define A ) as the number of regions that n copies of k-dimensional planes in general position
divide a (k + 1)-dimensional Euclidean space.

2.1.2. General position for k-dimensional planes

Define general position of hyperplanes in Euclidean Geometry as following. When there are n copies
of an k-dimensional planes in a (k + 1)-dimensional Euclidean space, arbitrarily take one of the k-
dimensional planes (use P to denote this plane). If n copies of the k-dimensional planes are in general
position, then the intersection between all other k-dimensional planes and P are (k — 1)-dimensional
planes that are in general position inside P. This should be the case for all planes P from our n planes.
By similar means, all intersections at lower dimension are required to be in general position. This can
be reduced all the way down to 1-dimensional planes (lines) in a 2-dimensional plane, which have to
be lines in general position. The words “Lines in general position” means that any pair of lines
intersect at exactly one unique point of intersection and in particular none of them are parallel or
coincide.

2.2. Definition for terms in spherical geometry
2.2.1. k-dimensional sphere

Define a k-dimensional sphere as the surface described by the following equation in R¥*1:
Y=k x2 = R?, where R denotes the radius of the sphere.

2.2.2.Bucn

Define B ) as the number of regions that n copies of k-dimensional great spheres in general
position divide the (k + 1)-dimensional sphere.

2.2.3.Great k-dimensional sphere

Define k-dimensional great sphere as a k-dimensional sphere that has the same center and radius as
the (k + 1)-dimensional sphere that it is contained in, but possibly located not in the equatorial
hyperplane. So it is a rotated version of the equatorial sphere. The rotated equator is the regular
equator with respect to a rotated North Pole — South Pole Axis. The North Pole on the sphere with
radius R is the point (0,0, ..., 0, R) and the South Pole is the point (0,0, ..., 0, —R).

2.2.4.General position for k-dimensional sphere

We define the general position for great spheres in Spherical Geometry in a way which is similar to
that in Euclidean Geometry. When there are n copies of an k-dimensional great spheres ina (k + 1)-
dimensional sphere, arbitrarily take one of the k-dimensional great spheres (use S to denote this great
sphere). If the n copies of the k-dimensional great spheres are in general position, then the
intersection between all other k-dimensional great spheres and S are (k — 1)-dimensional great
spheres in S that are also in general position. This should be true for all sphere S from our collection.
By similar means, all intersections at lower dimension are required to be in general position. This can
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be reduced all the way down to 1-dimensional great spheres in general position within a 2-
dimensional sphere, which are great circles in general position in a 2-dimensional sphere. The words
“Great circles are in general position inside a 2-dimensional sphere” mean that no pair of great circles
coincide with each other, and any pair of great circles intersect at exactly two unique points of
intersection.

2.3. Introduction

It is a possibly known problem to figure out a recursive formula between Ay, Axn-1), and
A(x—1n-1) and finding the closed form of A ) using mathematical induction. We can extend this
problem from Euclidean Geometry to Spherical Geometry, which is the main problem that we are
going to address in our essay. We are going to derive the recursive relationship of By,
B(kn-1)» Bk=1,n—1) in Spherical Geometry by similar ways of deriving the recursive relationship in
Euclidean Geometry, which is the idea of adding one additional (k — 1)-dimensional plane and see
how many new pieces of the subdivision does it add to the original configuration. In addition, to find
the closed formula for this problem in Spherical Geometry, we are going to find out how the formulas
for A ny in Euclidean Geometry that are related to the formulas for By ) in Spherical Geometry.

Remark: Note that our problem is philosophically related to the questions about the possible
number of pieces that n lines in not general position could subdivide a plane and its higher
dimensional versions, see O. Ivanov [3]

3. Proof of main theorem

3.1. Deriving the recursive formula for A4
3.1.1. Formula for A(O,n)

A(o,n) means the number of regions that are created by n copies of the 0-dimensional planes (i.e.
points) in general position subdividing a 1-dimensional plane (i.e. in a line). By adding the n™ point,
there will be one additional subdivision of the line. Thus,

Awn) = Apn-n t1

So,

m=n m=n

A(O,m) - A(O,m—l) = 1=n-1

m=2 m=2

Thus,
Aon) —Apy =n—1
Substituting,
A(O,l) =2,

We have
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3.1.2. Formula for A(Ln)
A(1,n) means the number of regions that are created by n copies of the 1-dimensional planes (i.e. lines)
in general position subdividing a 2-dimensional plane. By adding the n'" line, there will be additional
(n — 1) points of intersections of this line and of the previous line. This gives n parts of this new line
each of which divides one of the previous planar pieces into two. Thus, we get n new regions of the

plane.
Thus,
A(l,n) = A(l,n—l) +n
So,
m=n m=n 1
A(l,m) - A(l,m—l) = m = E (nz +n-— 2)
m=2 m=2
Thus,
1 2
A(l,n) — A(l,l) = E (Tl +n— 2)
Substituting,
A(l,l) =2,
We have

1
A(l,n) = E (le +n+ 2)

3.1.3.Recursive formula for A(Z,n)

By adding the n™ plane, then the other (n — 1) planes will give (n — 1) lines inside this n™ plane,
which divide this added plane into A4 ,_1) regions, which gives us A(; 1) additional spatial regions
since each of the A(; 1) planar regions subdivide one of the spatial regions into two.

Thus,

Aion) = Agn-n T Aan-y

So,
m=n m=n
Aom) ~Am-1) = Z A(1m-1)
m=2 m=2
_Z"F"(m— D24+ m—-1)+2
m=2 2
Thus,

Agn) — Ay = %(n3 + 5n — 6), see Faulhaber [2].
Substituting,

181



Proceedings of the 4th International Conference on Computing Innovation and Applied Physics
DOI: 10.54254/2753-8818/2025.22639

A(2,1) =2
We have

A(Z,n) = é(n?’ +5n+ 6)

3.1.4.Recursive formula for A

By adding the n™ k-dimensional plane, the other (n — 1) copies of k-dimensional planes will give
additional Ax_1,-1) pieces inside this n'" k -dimensional plane, which divides this added k -
dimensional plane into A _1,—1) pieces each of which subdivides one of the previous chambers of
the spatial subdivision into two, thus giving us A _; 1) additional chambers.

Thus,

Aten) = Agen-1) T Age-1n-1)

From former arguments, we can deduce that each of the general formula of number of chambers
divided concerns the sum of powers of natural numbers. Here we can use Faulhaber’s formula [2] to
help us find the sum of p' powers of the first n positive integers.

3.1.5. Deriving the closed formula for A )

Before proving the closed formula for A ), there is a lemma that needs to be proved:
Lemma:

m=n

A(r+1,n+1) = A(r+1,1) + 2 Arm)

m=1

This lemma can be proved by induction on n.

Base case:

n=1.

Agiin+r) = A@+1,2) = A@+1,1) T A,y Which holds
Inductive step:

Assume this lemma hold for alln < a

Consider the case wheren = a + 1

A(r+1,n+1) = A(r+1,a+2) = A(r+1,a+1) + A(r,a+1)
m=a
=Apy11) Z Aem) T A@a11)
m=1
m=a+1
= A(r+1,1) + Z Arm)
m=1

Our lemma holds whenn =a + 1
Thus, our lemma holds for all natural numbers n.
Now going back to deriving the closed formula for A ,y:
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By observation,

4 =)+ (1) + )

By mathematical induction on k, we can prove that for all natural number k and n,
m=k+1
n
Ater) = Z (m)
m=0

Note that (::l) =0 form > n.

The detailed proof is as below:
Base case: k = 1.

Aam =5 @2 +n+2) = (3) + (}) + (}) Which holds.
Inductive step:
Assume A n) = Xz "“( ) for all natural number n and k < r

Consider the case fork =r + 1
By the former proved lemma and Pascal’s Identity[4], we can simplify our expression for

A(r+ 1n+1)-

= = i=r+1
Apreinst) = Aparn) T 2ot Acm) = AGrar) + 2ot Zio (1)

i=r+1 m=n

= A(r+1,1) + z z (m

i=0 m=1

i=r+1 m=n

=Agant ), ), (m: 11>‘(i1f1)

i=0 m=1

=r+lf m+1 1
= At Eizo (i + 1) - (i + 1)
i=r+1 /n 4+ 1
= A(r+1 1) + (z < >) -1

Substituting Ay111) = 2
we have:

i=r+1 i=r+l /n 4+ 1 n+1
A(r+1n+1)_2+(z <L+1))_1_1+Z <i+1):< 0 >
_Zl =r+2 fn+1
- L [

i=r+1 n+1
+Z ,
i=0 <l+1>

Thus,
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i=r+2

n+1
A(r+1,n+1) = Z < i )

i=0
Our inductive hypothesis holds fork =r + 1
Thus, for all natural number k and n, Ay = Xm=6+*(1), Where (*)=0 for m>n.
In fact, when k > n,
Ay = Zm=6 (") = Zm=6(”) = 2", by Binomial Theorem [1]

3.2. Deriving the recursive formula for B
3.2.1.Formula for B, ..,

B(on) means the number of pieces that n copies of 0-dimensional great spheres in general position
divide a 1-dimensional sphere (i.e. circle). Note that 0-dimensional sphere is a pair of points with
coordinate —R and R respectively. Thus, B(g ) is equivalent to the number of pieces that n pairs of
points in general position divide a 1-dimensional sphere. The circle is subdivided by 2n points, and
thus there are 2n regions (arcs in this case).

3.2.2.Formula for B(l‘n)
B(1n) means the number of pieces that n copies of 1-dimensional great spheres in general position
divide a 2-dimensional sphere, which is equivalent to the number of pieces that n great circles in
general position divide a sphere. To derive the general formula for B(; ), we have to firstly construct
a configuration of great circles in general position. We start with a non-general but imaginable case,
where the n circles are meridians on the sphere (see figure 1, where n = 3). Then, we further rotate
the great circles about the center of the sphere so that they can be in general position while they
remain to be great circles. We can see that at the initial position, the great circles are subdivided into
2n arcs, and thus there are 2n regions.

Figure 1: 3 great circles as meridians on a 2-dimensional sphere

Initially, we start with the case that any pair of great circles intersect at two same points, just as it
is shown in figure 1. We arbitrarily pick a pair of great circles and let them remain unchanged. For
the rest of the great circles, we rotate it around the center until it becomes general position, as
exemplified in figure 2 where we take n = 3. Since the rotation is about the center, after rotation, the
shape near the initial two points of intersection should be identical (to exemplify, see the two identical
regions circled in figure 3) due to symmetry.
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Figure 3: Additional regions created by rotation specified

We can reasonably imagine that the process of rotation is analogical to “expanding” the initial two
points of intersection to two identical closed regions, which the areas circled out in red in figure 3
shows. The number of region in the closed piece divided by those great circles is equivalent to
A(1,n) — 2n, which is a trivial observation if we project the closed area onto a plane and see. Thus,

after rotation from the initial position to a general position, there are 2(A(y,) — 2n) additional
regions. Thus,

B(1n) = 2n+2(A(1 ) — 21)
= 2A(1‘n) —2n
=n¢+n+2-2n
=n’—-n+2
3.2.3.Recursive formula for B, ,

B(2n) means the number of pieces that n copies of 2-dimensional great spheres in general position
divide a 3-dimensional sphere. When we add the n'" 2-dimensional great sphere S to (n — 1) copies
of the 2-dimensional great spheres in general position, there will be (n — 1) additional 1-dimensional
great spheres intersecting with the n™ 2-dimensional sphere S. By the definition of general position,
those (n — 1) copies of the 1-dimensional great spheres are also in general position within S. This
gives B¢y ,_1) additional pieces of the subdivision of S. Each additional piece of the subdivision of §
subdivides one spatial region of the 3-dimensional sphere into two. Thus, B n)=Bzn-1) + Bi1n-1)
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mzzn(B(z’m) - B(Z,m—l)) = mzan(l‘m_l) mz=n (ZA(l,m—l) - Z(m - 1))
m=2 m=2 m=2
= Z (241 m_1) — 2m +2)
m=2
=2 rinA(z,m) - A(Z,m—1)> Z A(1 m) ~ A(lm 1) + Z(n — 1)
m=2 m=2

= 2(Agny — A1) — 2(Aun —Apy) +2(n— 1)
Thus,

Blom) = By = 2 (A@m) — Aen) = 2(Aam —Aan) +2(n = 1)

Substituting A(Z,l) = Z’A(l,l) =2, B(Z,l) = 2, we have

Ban) = 2(Aem ~ Aum) + 20
3.2.4.Recursive formula for By

B(k,n) means the number of pieces that n copies of k-dimensional great spheres in general position
divide a (k + 1)-dimensional sphere. When we add the n™ k-dimensional great sphere S to (n — 1)
copies of the k-dimensional great spheres in general position, there will be (n — 1) additional (k —
1)-dimensional great spheres intersecting with the n™ k-dimensional sphere S. By the definition of
general position, those (n — 1) copies of the (k — 1)-dimensional great spheres are also in general
position within S. This gives B(,_; ,—1) additional pieces of the subdivision of S. Each additional
piece of the subdivision of S subdivides one spatial region of the (k + 1)-dimensional sphere into
two. Thus, B(k,n) = B(k,n—l) + B(k—l,n—l)

Remark: Note that the recursive formula for By ) looks very similar to the recursive formula for
A(kn) however none of them can be directly obtained from each other. On the first glance the
reduction of the planar case to the spherical case can be obtained by adding one point at infinity of
the Euclidean space to get a sphere from it. This is the so called 1-point compactification of the
Euclidean space. However, the compactified k-dimensional planes would not be round spheres and
definitely would not be in general position since they all intersect at the added infinity point. The
reduction in the other direction is not possible for similar reasons.

3.2.5.Closed formula for B p)

By observation, the closed formula for By ) is:
( m=k
kis 0dd: By =2 +2 ) (=)™ Agmy

m=0
m=k

kiseven: By = —2+2 Z (—D)™Ann
\ m=0
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Where n and k are natural numbers.
We can simplify the above expressions by using the closed formula for A ), which is A ) =

Ym=6*t'(") as proved in 3.1.5

When k is odd:
m=k m=k i=m+1
m+1 n
Blmy = 2 +2 Z (=)™ Ay = 2 +2 Z (—1)m+t Z ()
m=0 m=0 i=0

Through double counting, we can consider how many times each individual binomial number has
appeared, and we can derive that

i=m+1

Yoo > ()= ()2 ()

i=0

By substituting this result back into the original closed formula for By ;) when k is odd, we have

_k+1 _k+1
Bam =2-2(g)+2).  *(n)=22 ()
(kn) = 0 meo  \2m/) meo  \2m

When Kk is even:

i=m+1

m=k m m=k n
Bukmy = —2 + 2 Z (-1) Agnm = -2+ ZZ 0(—1)m Z (z)
m=
m=0

i=0

Through double counting, we can consider how many times each individual binomial number has
appeared, and we can derive that

m= i=m+ m=K
2o (=) 2 )

By substituting this result back into the original closed formula for B(k n) When k is even, we have

Baen) = 2+2()+ZZ:_0(2m+1)‘22 (2m+1)

After this simplification, we can write out the simplified closed formula for B ,,y and then prove
it using induction.
The closed formula for By ,,y after simplification is:

k+1

_ "R
kis odd: Bixny = 2 z 0 (2m)
m=

n
k is even: By ) = 22 <2m + 1)

This formula can be proved by mathematical induction on k.
Base case:
when k = 0, B(gny = 2n = 2({) which holds.
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Whenk = 1, By = 240, — 2n = 2(3) +2(7) + 2(3) — 2n = 2(3) + 2(3), which holds.
Inductive step:

Assume the closed formula holds for all k when k < r. Consider the case where k = r + 1
Before the inductive step, we need to clarify an identity:

m=n m=n
Bryint1) = B t Z Bomy =2+ Z Brm)
m=1 m=1

Since By ») has exactly the same recursive formula with Ay ), this identity can be derived using
exactly the same method as we derived the same lemma for A1 54+1), Which was proved using

induction in section 3.1.5
r+1

Substitute this back to our original equation, we would obtain B, 41 p41) = 2 Z;:OT
Case 1: If r is even, then r + 1 is odd.

m=n m=n m=n == m
Briiner) = B + Z _ Bom =2+ Zm Bom =2+ Em . Zzizo (21‘ + 1>
m=n m
242y Z NARETE W * 2 oain)
2i+1 i=0 20+ 1 m=0 \20i +1
- 22y Y
+ 2i +1

) by Chu’s Theorem [4-5]:

Zm="< m )_ n+1
m=o \2i + 1) \2i + 2

Substitute this back to our original equation, we would obtain
, T
B —2+zzl=E el —2+22m_ e
(r+1in+1) — iz \2i + -
n+1 m=2 41 m=%2 n+1
=2 +2 Z =2 Z
m=1 m=0 2m

Case 2: If r is odd, then r + 1 is even

Brstnr1) = Brer) Zm Bam =2+ z:1 Bam =2+ Z:l(z 202_1 (22
T DD Y () ELEE) S (A 1yt )
—22y T <§i>+22‘i=72”"<’"->
SRV EED WD W (A EES W W (4

n+1
2i+1

N =

We can simplify Y, m= (Zl+1
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We can simplify zng(g’;) by Chu’s theorem [5]:

zm=n (m) n+1
m=0 \20)  \2i +1
Thus our inductive hypothesis is true for k = r + 1.

4. Conclusion

There are three kinds of 2-dimensional geometries: Euclidean, Spherical, and Hyperbolic. It seems
that such formulas do not admit generalization to Hyperbolic Geometry. The natural generalization
of planes and great spheres to Hyperbolic geometry are the so called totally geodesic hyperbolic
submanifolds, but they do not have to intersect at all. Thus, in Hyperbolic Geometry, it is likely not
possible that we can derive a general recursive formula for the number of pieces that such
submanifolds in general position subdivide the Hyperbolic space, as they do not have to intersect.
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