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Abstract: Single-photon sensors are crucial for image reconstruction, particularly under low 

light and close proximity, due to their high sensitivity to photon arrival and straightforward 

data processing. This paper introduces the use of Maximum Likelihood Estimation (MLE) to 

enhance image reconstruction by optimizing the processing of incomplete pixel data carried 

by photons. MLE is employed to construct a macroscopic probability model through Mixed 

Distribution, integrating and iterating over defective data within an image. Additionally, a 

Loss Function is introduced to train and evaluate this model, enhancing the robustness and 

accuracy of the reconstruction by extending the iteration time and integrating defective data 

repetitively. An interval checking mechanism is developed to ensure the accuracy of the 

reconstructed images, providing a standard to measure the reliability of the computed values 

and associated variables that correlate positively with the outcome. The application of these 

methods significantly enhances image parameters such as Peak Signal-to-Noise Ratio (PSNR) 

and Structural Similarity Index Measure (SSIM). Results indicate that MLE is highly 

effective in identifying the most probable segments of incomplete data, thereby enabling 

precise image reconstruction in challenging conditions.  

Keywords: Maximum likelihood estimation, Single photon, Image reconstruction, Mixed 

distribution  

1. Introduction 

With the rapid advancement of computer vision systems, recent studies have highlighted that artificial 

networks possess the capability to extract millions of hidden details from each arriving photon and to 

analyze discrete portions of an image through deep learning, supported by consistent training using 

mathematical models tailored to reflect objective reality [1]. This approach not only effectively 

integrates large data models with computing platforms but also streamlines the construction of neural 

networks and reduces algorithm execution times, which are crucial for enhancing communication and 

information interaction across various fields. 

However, existing methodologies exhibit significant shortcomings in managing the mixed 

distributions exhibited by single photons [2]. Additionally, while some studies consider issues of 

blurry retrieval and pixel-by-pixel screening, challenges such as dim lighting and long distances can 

reduce photon availability and increase inaccuracies due to the inherent indeterminacy of single 

photons [3,4]. Factors such as background distribution, processing noise, and atmospheric acoustic 
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disturbances further degrade the quality of images captured by single-photon detectors [5]. These 

limitations highlight a lack of universality in the application of current research, often resulting in 

fragmented approaches that fail to consider the interconnectedness of different distributions, thereby 

hindering comprehensive analysis. 

To address these challenges, this paper proposes an integrated approach to image reconstruction 

that consolidates distribution groups rather than treating them as discrete entities. By creating a new 

gradient and multiple reconstruction models, the aim is to more accurately simulate real-world 

conditions. This research provides theoretical support for image reconstruction based on single-

photon sensors and facilitates the transition from two-dimensional to three-dimensional imaging 

structures, increasingly employed in bioassays [6]. 

The primary objective of this study is to optimize the values of Peak Signal-to-Noise Ratio (PSNR) 

and Structural Similarity Index Measure (SSIM). Specifically, statistical models are utilized to restore 

initial image details and reduce noise, thereby narrowing the confidence intervals of parameters [7]. 

Additionally, through adjustments and enhancements to the loss function, a comparison between the 

likelihood values generated by the computational model and actual observed values is enabled, thus 

assessing the similarity between the original and reconstructed images. 

2. Theoretical Background 

2.1. Role of Poisson and Gaussian Distribution in Imaging 

Poisson distribution acts as a pillar of the total data calculation. Under the dim and long-distance 

condition, the number of the arriving photon plunges dramatically, so Poisson distribution can 

describe this kind of randomness well. This can be simplified by the fact that Poisson distribution is 

a discrete distribution, which is applied to construct the time of occurrence of a random event in given 

space. The probability mass function can be written as 𝑃(𝑘; 𝜆) =
𝜆𝑘

𝑘!
𝑒−𝜆, 𝑘 represents the times of 

photon triggers the detector, and 𝜆 shows the average standard number of photons induced and degree 

of the photon departure or the characteristics in data distortion [8]. More importantly, it has close 

relationship with Gaussian distribution, which is a continuous distribution. The function of Gaussian 

is 𝑓(𝑥) =
1

𝜎√2𝜋
𝑒

−
(𝑥−𝜇)2

2𝜎2  , usually the average value 𝜇 = 0 in order to unify format, and 𝜎 is known as 

the distinction between rebuilding images and initial images. Under the premise of λ = 5 , The 

histogram shows that the pixel value equals to 3.7 when the function get maximum, and the total 

figure is skewed to the left (Figure 1). However, because the amount of the pixel value tends to 

infinity, the Poisson distribution approaches to Gaussian distribution gradually and the discreteness 

weakens accordingly [9]. 

 

Figure 1: Poisson probability distribution of pixel values (λ = 5). (Picture credit : Original) 
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2.2. Fundamentals of Maximum Likelihood Estimation 

Maximum Likelihood Estimation (MLE) is an important statistic methodology in evaluating 

unknown parameters by finding the specific value that maximize the likelihood function in terms of 

the observable data. To be specific, from a sample space, each element fits in a certain statistic 

function 𝑓(𝑥|𝛿), 𝛿 in this function represents the parameter to be sought. This function is also called 

probability density function(PDF) [10]. After that, ℒ(𝛿) is defined as the likelihood function, a 

comprehensive consideration of discrete probability via continued product. The formation of the 

function can be written as ℒ(𝛿) = ∏ 𝑓(𝑥|𝛿)𝑛
𝑖=1 . The theory can be applied in the image 

reconstruction. Assuming that photon can be signed 𝑍1, 𝑍2, 𝑍3…𝑍𝑛  ,then because the sensor can only 

find whether the single photon arrives or not, it only shows binary value: when photon arrives, 𝑍𝑛 =
0, on the contrary, 𝑍𝑛 ≠ 0.By multiplying these two kinds of probabilities from 1 to N, the function 

will be built. Next, by taking the derivative of the function and make it equal to 0, the ultimate 𝛿 is 

got. This estimation relies on the initial value greatly, which may be confined into the local extremum. 

Hence, a lot of constraint conditions have to be introduced to calculate partial derivative for different 

conditions to obtain the optical solution [11]. 

2.3. Techniques in Image Reconstruction 

Single-photon detector, which is based on the interaction between light and electricity, is one of the 

most important charecters in image reconstruction. The theory about photoelectric effect underlines 

the detecting technique in this paper’s research. When the photon is captured by the detector, it will 

stimulate a photoelectron, then via multiple acceleration by the electric field, the sensor will filter the 

impurity, amplify the tiny light information, judge the accuracy of the input photon, finally forms a 

obvious impulse (Figure 2). The purpose of the detector is providing useful information for denoising. 

Denoising is a technique that utilizes the sign with noise to separate the initial information by deleting 

the abnormal pixel value. In this paper, Gaussian noise and Poisson noise are two important noises 

which will be handled.  

 

Figure 2: The obvious impulse. (Picture credit : Original) 

3. Methodology 

3.1. Loss Function Implementation 

Under low-light and long-distance condition, loss function is often used to measure the difference 

between the true the calculated value. In this paper, the function is mainly introduced to modify the 

model built before. The function can be written as 𝑀𝑆𝐸 =
1

𝑁
∑ (𝑦𝑖 − 𝑦𝑖̂)

2𝑁
𝑖=1 . By minimizing the 

function, it will fulfill the goal of transformation from images with low resolution to high resolution 

[12]. Simultaneously, the function this research builds captures the empty pixels which are caused by 

the lack of important information and amplify error message in order to obverse the error more 

conveniently and avoid the occurrence of non-physical information. One of the advantages of this 

function compared with others is that it can stimulate the image with different dimensions by 

light source
（input photon） filter

imformation 
amplification

judgment and 
screening

sensor
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increasing the dimensions of arrays (Figure3). The three figures shows MSE loss function in three 

dimensions respectively. In the first figure, the assuming image value ranges from 720 to 1280 which 

is a long range because the large number of missing part. However, the previous image with true 

value is about 970, thus by finding the minimum of function which is the confluence of the axis 𝑦 ≈
970 and the curve (the red point in figure). Similarly, by adding two parameter 𝑤1 𝑤2 and expand 

the dimensions of array from two to three and setting the 𝑧 −axis as loss value, functions are also 

obtained. The parameter of 𝑤1 𝑤2 range from 1280 to 2560, 1270 to 2565 respectively. Finally, by 

finding depression area of the figure 3, the minimum value is got, which is the most reliable parameter 

groups. 

 
(a)                                             (b)                                                    (c) 

Figure 3: The image with different dimensions. （Picture credit : Original） 

3.2. Analysis of Mixed Distribution Data 

When only taking Poisson distribution into consideration, the fact is that the detector can only output 

the binary value simplifying the problem to Bernoulli distribution. Hence, ML estimation can be used 

to calculated the important parameter 𝛿 which has been mentioned in part 2.2. The steps are as follows 

[13]. 

Defining 𝑍𝑛 as a number taking values of either 0 or 1, make log: 

 logℒ(𝛿 ∣ 𝐳) = log {∏ (1 − 𝑒−𝛿)
𝑧𝑛𝑁

𝑛=1 (𝑒−𝛿)
1−𝑧𝑛

} (1) 

Define 𝑆 = ∑ 𝑍𝑛
𝑁
𝑛=1 , derivative: 

 
𝑑

𝑑
{𝑆𝑙𝑜𝑔(1 − 𝑒−𝛿) − 𝛿(𝑁 − 𝑆)} =

𝑆

1−𝑒−𝛿
𝑒−𝛿 − (𝑁 − 𝑆) (2) 

Make it equals to 0, then 

 𝛿 = −log (1 −
𝑆

𝑁
) (3) 

Substitute S: 

 𝛿 = −𝑙𝑜𝑔 ( 1 −
1

𝑁
∑ 𝑍𝑛

𝑁
𝑛=1 ) (4) 

However, when putting Gaussian distribution into the model as well, handling the matter from the 

aspect of statistics is more feasible. Under the low-light condition, Gaussian noise occupies the main 

session of the whole noise, by keeping the light density and altering the distance between the light 

source and the photon detector, the difference between the single distribution and mixed distribution 

will be detected [14]. Meanwhile, compared the original image, Gaussian noise image and mixed 

image (Figure 4), which are added the noise with the same standard deviation 500, and the mean 

value 0, it is easy to find that Gaussian noise makes the main noise in image and will enhance the 
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exposure rate of the image. Poisson distribution makes contributions to the light and gray level, and 

make the image rougher. The integration of two distributions avoids the empty image set, and also is 

conductive to the convergence of the loss function built in 3.1 [15]. 

 
(a)                                             (b)                                                    (c) 

Figure 4: This caption has one line so it is centered. （Picture credit : Original） 

3.3. Photon Increment and Integration 

The methodology of Photon Increment and Integration gets rid of the limitation of the distance and 

the light condition completely. Every single photon can be recorded by the N*N linear matrix, by 

increasing the order of the certain matrix repeatedly, it store the vague data in different grid the matrix 

has separated, like a large storage box to classify different types of data. When the data is in need, the 

computer will output the related grid according to algorithm and the real acquirement and rearrange 

them to form a new matrix. The most important step in this research is extracting keyframes from the 

matrix, which will get through hundreds of iterations called keyframes increment and integration. In 

other word, only by integration can the incomplete message be considered totally and the noise point 

can be eliminated, which can be analogous to filtering. The figures display the different stage the 

keyframes are extracted (T=5, 10, 20, 50, 90, 110) (Figure 5). With the increment of T, the image 

will be more distinct, and the blank pixels induced by outer condition are compensated and be 

replaced by the predicted pixels. 

3.4. Testing Confidence Intervals 

Based on initial theory, in this paper, the testing confidence intervals are introduced to show the 

accuracy of the 𝛿 calculated before in 3.2. However, confidence intervals provide a specific range of 

the uncertainty of the predicted parameter and the size of the interval is negatively correlated with the 

accuracy of parameters [16]. The interval can be written as 𝛿 ± 𝑧𝛼

2
𝐾𝑁𝑝

−
1√ 𝛿

2 , 𝑧𝛼

2
 is a constant 

according to the table of standard Gaussian distribution, 𝐾 is the total amount of unit images(pixels), 

and 𝑁𝑝 is the whole number of photon. Therefore, by increasing the value of 𝐾 and 𝑁𝑝, the value of 

𝑧𝛼

2
𝐾𝑁𝑝

−
1√ 𝛿

2  will be more small, which represents that the parameter 𝛿 is more believable. 
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(a) T=5                                     (b) T=10                                 (c) T=20 

(d) T=50                                      (e) T=90                                (f) T=110 

Figure 5: This caption has one line so it is centered. (Picture credit : Original) 

4. Results 

4.1. PSNR Analysis 

Peak signal-to-noise ratio (PSNR) is an important value that measures the quality of the image 

reconstructed. In this paper, based on the research and methodology, it is necessary to test the effect 

of ML estimation. PSNR has the unit dB, which is the same unit as sound intensity level.  

The PSNR can be written as [17]. 

 𝑃𝑆𝑁𝑅 = 10 · log10(
𝑀𝐴𝑋2

𝑀𝑆𝐸
) (5) 

The larger the PSNR values are, the less important information the process miss, particularly under 

the extremely harsh conditions. In other words, it shows the ratio between initial session and the 

noises. For the six images showed in figure 5, it is wise to calculate the real value of PSNR as a 

compelling evidence to illustrate the feasibility of ML estimation combined with loss function, mixed 

distribution and the utilization of integration (Table 1). From the table, it is obvious that with the 

increase of the value of T, from 5 to 110, PSNR is rising slowly, from 4.41 to 6.68, which represents 

that the image via the ML estimation and combined treatment is getting close to the true image. 

Meanwhile, from the figure 6, it is also easy to analyze that the total tendency of the function related 

to T and PSNR is monotone increasing, though there are slow descents with small fluctuation. When 

the value is over 60, PSNR is flatten out around 7.00 instead of soaring in the value of T about 15 to 

20, which proves the convergence of likelihood function and loss function built above. 
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Table 1: The value of different value of T and corresponding PSNR. 

Value of T PSNR (dB) 

5 4.41 

10 5.98 

20 6.48 

50 6.57 

90 6.66 

110 6.68 

Figure 6: The real value of PSNR. (Picture credit : Original) 

4.2. SSIM Values 

Structural similarity index (SSIM) is also another vital standard that measure the similarity of two 

images by stimulating the visual system of humans on the feeling and perception of images. It makes 

more concentrations on the gray level and structures of the certain images. 

The SSIM can be written as: 

 𝑆𝑆𝐼𝑀 =
(2𝜀𝑥𝜀𝑦+𝐶1)(2𝜂𝑥𝑦+𝐶2)

(𝜀𝑥
2+𝜀𝑦

2+𝐶1)(𝜂𝑥
2+𝜂2

2+𝐶2)
 (6) 

𝜀𝑥, 𝜀𝑦  show the mean light density, 𝜂𝑥 , 𝜂𝑦  symbolize the similarity of structure, 𝐶1, 𝐶2  are 

constants in order to ensure the function with real meaning. The proper range of the SSIM in this 

research is from -1 to 1, the more the value is close to 1, the more similar the two images are, which 

is like the correlation coefficient [18]. 

Table 2: The value of different value of T and corresponding SSIM. 

Value of T SSIM 

5 0.0891 

10 0.1114 

20 0.1218 

50 0.1314 

90 0.1359 

110 0.1361 
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From the table 2, it is obvious to obtain the information that, with the increasing times of 

integration and iteration (T) from 5 to 110, SSIM is getting close to 1, from 0.0891 to 0.1361. 

Although the SSIM only fluctuates around 0.1, a small decimal compared to 1 because of the color 

distinction which are colors and grey respectively, it also illustrates the remarkable result of image 

reconstruction. 

4.3. Visual Outcomes 

Considering the visual effects output, it is obvious that the amount of the noise points plummets 

dramatically and the structure of the image has stronger three-dimensional effect. Meanwhile, with 

the growth of the information rebuilt, the image is getting more and more smooth instead of corner 

angle with high level of sharpening, which is the chief culprit of discomfort when people take look at 

first glance. In addition, the innate logic is clearer showing on the visual outcomes instead of a total 

mess [19]. 

5. Conclusion 

In conclusion, this research effectively demonstrates the application of Maximum Likelihood 

Estimation combined with mixed distribution approaches to enhance image reconstruction under 

challenging conditions characterized by low light and long distances. By integrating advanced 

statistical models with computational methods, the clarity of reconstructed images has significantly 

improved, optimizing key parameters such as Peak Signal-to-Noise Ratio (PSNR) and Structural 

Similarity Index Measure (SSIM). The introduction of a sophisticated loss function and stringent 

confidence intervals plays a critical role in refining the parameter estimation process, ensuring more 

reliable and accurate image reconstruction. This approach not only reduces the impact of noise and 

other distortive factors but also enhances the precision of the reconstructed images, thus minimizing 

potential deviations that could affect practical applications. 

The methodologies, particularly the innovative integration of Poisson and Gaussian distributions, 

address the non-universality and fragmentation observed in previous studies. By employing these 

mixed distribution models, the complexities of photon scarcity and indeterminacy, which are 

prevalent in long-distance imaging scenarios, have been successfully navigated. 
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