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Abstract. A key function of image processing is picture denoising, which improves the quality
of images by eliminating extraneous noise while keeping crucial information in tact. Singular
Value Decomposition (SVD) is a linear algebraic technique that reduces the original data’s
complexity and scale by breaking down the matrices and extracting the important information.
With the power of decomposition which utilizes the non-local self-similarity property of an
image to achieve satisfactory denoising performance, SVD denoising has become a potent tool
in image processing. In this paper, SVD is outlined and its working, applications, and
challenges as a denoising technique in image denoising are discussed. The author discovered
that Singular Value Decomposition can be a significant factor in image denoising by applying it
to the image. As a result, Singular Value Decomposition could be thought as a helpful image
denoising approach in the image processing sequence that will raise the image’s Peak
Signal-to-Noise Ration (PSNR) and improve the quality of the image.
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1. Introduction

In many image processing applications, including image reconstruction, image enhancement, and
image compression, image denoising is a crucial step. The fundamental concept behind image
denoising is the extraction of undesirable noise from an image using a variety of computational or
mathematical techniques, all the while maintaining the image’s essential information. A number of
things, such as transmission faults, poor lighting, and malfunctioning camera sensors, can result in
noise in an image. Furthermore, keeping image detail while removing noise is a difficult challenge.
Numerous denoising techniques have been put forth over time, such as statistical techniques, linear
filters and more advanced techniques based on deep learning. A matrix is broken down into the
product of three matrices in the process on Singular Value Decomposition:a left singular matrix, a
diagonal matrix with the singular values, and a right singular matrix [1-3]. The theory behind Singular
Values Decomposition is presented in this work along with the example of its application to image
denoising. An example of SVD denoising is applied to a image with noise, and the resultant denoising
is displayed to demonstrate the effectiveness of SVD denoising in image denoising. This paper
finishes with some thoughts on image denoising and SVD denoising. Since noise is a natural part of all
photos, learning how to effectively reduce noise in an image is crucial to enhancing its quality and
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legibility. In addition, picture denoising is a crucial aspect of image processing, and image processing
sequences can make extensive use of a good denoising technique.

2. The Principle of SVD in Image Denoising

The SVD denoising [4][5] starts with the process of decomposition. As mentioned above in this paper,
the SVD process [6] of an mxn matrix could be expressed as A = UZVT, and it is important to find
these three matrices. In order to get these three matrices, matrix multiplication [7] is performed
between the transpose of A and A, In this paper, an nxn square matrix ATA can be obtained. Since A is
a square matrix, in this paper it can be eigen-decomposed [8], and the eigenvalues and eigenvectors
obtained satisfy the following equation:

(ATA),, = 4y (1)

This gives the n eigenvalues of the matrix ATA and the corresponding n eigenvector of the matrix.
Arranging all the eigenvector of the matrix ATA as an nxn matrix V which yields the V matrix in the
SVD formula. It is common to refer to each eigenvector in V as the right singular vector of A. Besides,
if this paper perform matrix multiplication between A and the transpose of A, then an mxm square
matrix AAT is obtained. Since AAT is an mxm square matrix, an eigen-decomposition can be
conducted, and the resulting eigenvalues and eigenvectors satisfy the following equation [9]:

(AA"),, = L, )

In this way, the m eigenvalues of the matrix AAT and the corresponding m eigenvectors u of the
matrix can be obtained. Arranging all the eigenvectors of the matrix as an mxm matrix U yields the
matrix U in the SVD formula [10]. In this paper, in particular, each eigenvector in U is considered as
the left singular vector of A.

By solving the above two equations, this paper can easily obtain the matrix U and V in the SVD
decomposition [11], and the remaining work is to find the diagonal matrix X. For the reason that the
elements of the matrix Z are all zero except the diagonal elements are singular values, the finding of
matrix X can be easily transformed to the computation of each singular value 6. And it is noticed that
the SVD formula is A = UXVT, which can be written as AV = UZVTV. This is because the matrix V is
an nxn orthogonal matrix, and the multiplication between the transpose of V and V is equal to a
diagonal matrix with all diagonal elements being one. Therefore, AV = UZVTV can be written as
AV = UZ. And if this paper match all the diagonal elements one-to-one, Av; = o;u; can be obtained,
The paper then can compute the value of o; by solving Av;/u;. In this way, all the singular value of
the matrix A can be computed, and all the singular values are arranged on the mxn diagonal as the
matrix X.

Using this technique, the SVD process can be performed to all the matrix A. Regarding singular
values, they are similar to the eigenvalues in eigen-decomposition. In the singular value matrix, they
are arranged in descending order. Additionally, the singular values decrease particularly fast. In many
cases, the sum of the top 10% or even 1% of singular values accounts for over 99% of the total sum of
all singular values. In other words, this paper can also approximate the matrix by using the largest k
singular values and their corresponding left and right singular vectors. In short, this process can be
written as [12]:

Amxn = UmxmzmannTxn = mxkzkkakan (3)
Here, k is much smaller than n, which means a large matrix A can be represented by three smaller

matrices: Upyxp)Zkxk> and Vi&.,,. As shown in the Figure 1 [13], the matrix A can now be
approximately described using only the three small matrices in the gray areas:
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Figure 1. Map of SVD Decomposition

Due to this important property, SVD can be used for PCA dimension reduction, data compression,
and denoising.

The SVD-based denoising technique belongs to a category of subspace algorithms. Briefly, this
paper aims to decompose the vector space of the noisy signal into two subspace, one dominated by the
pure signal the the other by the noise signal. By simply removing the noisy signal vector components
that fall within the noisy space, this paper can estimate the pure signal. To achieve this decomposition
of the noisy signal vector space into a signal subspace and a noise subspace, it can utilize orthogonal
matrix decomposition techniques in linear algebra, particularly Singular Value Decomposition.

In order to perform SVD decomposition as a denoising method, the paper assumes that the image
can be stored as a matrix Y with noisy signal in the matrix, then the matrix Y can be written as Y= X +
D, in which X represents the matrix containing the pure signal data, and matrix D contains the noisy
data. The purpose of denoising is to recover the signal contained in X from the given noisy signal
matrix Y. This is equivalent to the following question: Is it possible to recover the signal subspace
from Y using SVD.

In order to solve this problem, it is assumed that the matrix X is of rank deficiency, which means
the rank of mxn matrix X is smaller than m. Besides, it is assumed that this paper can perform SVD
decomposition on matrix X and the process can be written as the equation below [14]:

Za O7[Vx
X =U5Vy = [Ug Ugl| o o] [V ;] (4)

Here, Uy, is an nxr matrix (in this paper it is assumed that the rank of the matrix X is r, which
satisfies the condition that it is less than m), Uy, is a rxr matrix, Vy; is a rxm matrix and Vy, is a
(n-r)xm matrix due to the fact that the space spanned by the columns of matrix X and matrix Xy, is
typically referred to as the signal subspace, which is also known as the column space of X. Therefore,
when this SVD decomposition can be used to rewrite the equation Y= X + D [15]:

Y =X +D =X+D(VVi" 4+ VauVe') = XV + DV, V" + DV, V" (5)

Here, the paper have VX1VX1H +VX2VX2H = I due to the characteristic of unitary matrix. If it
performs SVD decomposition process on XVy; + DVy; and DVy,, the SVD formula, XVy; +
DV,;=P;S; Q% and DV,,=P,S,Q}, can be obtained. Then, the above equation can be written as the
following form [16]:

Y=X+D =[P,

H H
P,] S 0] Q' Vi ] ©6)

0 SZ le VXZH

If PfP,=0, which means the column spaces of P; and P, are orthogonal, the above equation is a
meaningful SVD decomposition of Y. As can be seen from the formula, P; is not equal to Uyq, so it
is not possible to compute the signal subspace directly from the matrix Y.
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However, the SVD can be utilized to approximate the signal subspace which is not far from the
pure image subspace. If the idea of SVD decomposition is considered, it is known that all the singular
values of a matrix A can be written as X in such a form that all the diagonal elements are the singular
values of the matrix A in descending form and the other elements are all zero. Moreover, the singular
values decrease at a particularly rapid rate. In many cases, the sum of the first 10% or even 1% of the
singular values accounts for more than 99% of the total sum of all singular values. This means that in
this paper it is also possible to use the first r largest singular values to approximately describe the
matrix.

In the image denoising process, this paper generally considers the parts with the first r largest
singular values to be the original content of the image while the rest of the singular values are always
irrelevant content of the image, such as the noise of the image. Therefore, this paper defines a concept
called truncated singular value decomposition to process image denoising using SVD technique [17]:

Amxn ~ mxkzkkaI'crxn (7)

3. The Application of SVD in Image Denoising
To further illustrate this denoising method, Figure 2 can be used as an example to perform SVD
decomposition:

Figure 2. Original Image

In order for the SVD decomposition to work, noise was added to the original image above with a
Gaussian noise value of 20, yielding Figure 3:
—

Figure 3. Image with Added Noise
In order to perform SVD decomposition denoising of the image, an attempt is made to transform

the image using the first 5% singular values of the image. By this method, Figure 4 with less noise can
be obtained:
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Figure 4. Image with First 5% Singular Values

As can be seen in Figure 4, the role of SVD decomposition in the denoising process is to remove
some of the noise from the image. If this paper wants to get better SVD denoising performance, more
singular values can be used to retain more important information in the original image, and the
singular values in the first 10% of the image become better when 5% to 10% is added in this paper
(see Figure 5):

Figure 5. Image with First 10% Singular Values

Therefore, the result of SVD decomposition and denoising shows that the SVD technique could be
used in image denoising area and have a good performance.

4. Conclusion

In this paper, an efficient image denoising method based on SVD is proposed. Since SVD has the
power to decompose the matrix into several parts, one part of the matrix contains the main information
of the image while the other part of the matrix contains the noise information of the matrix. The
removal of the matrix with noise information plays an important role in image denoising processing.
By utilizing the non-local self-similarity of the image and the SVD matrix, the method mentioned in
this paper effectively removes the noise while preserving the important image details. The
experimental results show that the method in this paper plays an important role in image denoising,
making it an important tool for various image processing tasks. In order to improve the performance of
SVD-based denoising technique, the combination of deep learning techniques with SVD-based
denoising technique can be explored in future work to further improve the denoising performance of
SVD. In addition, attention can also be paid to the computational aspects of SVD decomposition
because the singular values of matrices are always difficult to compute, and finding a better way to
perform SVD decomposition on computers will lead to better performance in SVD denoising.
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